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Introduction 

0.1. Let G be a connected reductive group defined over a finite field F q and let 
F : G — > G be the corresponding Frobenius map so that the fixed point G F is 
a finite group. In this paper we are interested in the problem of classification of 
the irreducible representations of G F over Q;, an algebraic closure of the field of 
/-adic numbers (I is a fixed prime number not dividing q). When the centre of G 
is connected this problem was solved in [L3] using the /-adic cohomology approach 
of [DL] ; namely in [L3] it is shown that in this case the irreducible representations 
of G F can be parametrized in terms of semisimple conjugacy defined over F q 
in the dual group of G and by certain (essentially combinatorial) objects called 
unipotent representations and which are attached to a (usually) smaller group and 
can themselves be classified. A generalization of this parametrization to the case 
where the centre of G is not necessarily connected was stated without proof in [L2] 
and with a partial proof in [L5] . Namely in [L5] it was shown that the statement 
in [L2] can be proved assuming a certain multiplicity one statement for the finite 
spin groups in dimension 4k in odd characteristic. Moreover it was shown how 
this multiplicity one statement can be reduced to a computation which however 
was not given there. In this paper we perform the needed computation; namely we 
compute explicitly (in terms of a generating function) the difference between the 
number of conjugacy classes of the two forms of a spin group in dimension 2k (see 
Section 3); we compute separately the analogous number coming from counting 
data in the dual group (see Section 4) . We find that these two differences coincide. 
This is sufficient for proving the required multiplicity one statement (5.4(f)) and 
provides the missing step for the classification problem stated above. 

0.2. Notation. If / is a permutation of a set S we write S* = {x E S; f(x) = x}. 
If S is finite we write \S\ instead of card(S'). 

If P is a property we set dp = 1 if P is true, dp = if P is false. 

If S is a set such that \S\ = 2, there is a unique free transitive action of Z/2 on 
S denoted by n : x i— > n + x (here n G Z/2, x e S). 
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We fix an algebraic closure k of a finite field F q with \F q \ = q, q odd. Let 
k* = k - {0}. 

Let Wi(Fq) be the Witt group of F g ; let Wi°(F g ) be the subgroup of Wi(F 9 ) 
generated by classes of quadratic forms of even dimension. We have naturally 
Wi°(F g ) = Z/2. 

All algebraic groups are assumed to be affine and over k. For an algebraic group 
G we denote by G° the identity component of G and we set G = G/G°. For g E G 
we denote by g s (resp. g u ) the semisimple (resp. unipotent) part of g. If G is 
reductive we set G a a = Gj (centre of G°). 

For a group V let e(r) be the set of conjugacy classes in V. If V is a finite group 
let Irr(r) be the set of isomorphism classes of irreducible representations of V over 
Ql 

For any finite set / we denote by Z/2[I] the Z/2- vector space with basis /. If 
/ 7^ we denote by Z/2[I]° the codimension 1 subspace of Z/2 [J] consisting of 
vectors whose sum of coordinates is 0; if I = we set Z/2[I]* = Z/2[I] = {0}. 

Contents 

1. Preliminaries. 

2. Semisimple classes in finite spin grpups. 

3. Counting conjugacy classes in finite spin groups. 

4. Counting data in the dual group. 

5. Classification of irreducible representations. 

1. Preliminaries 

1.1. Let k A = k-{0, 1, -1}. Let J = {A G k; A 2 = -1} c k A . Define commuting 
permutations a,/3, 7 of k A by a(X) = A -1 , f3(\) = —A, 7(A) = A 9 . We have 
a 2 = (3 2 = 1. For e G Z/2 we set 7 e = (3 e -f. 

Let O a (resp. 7e ) be the set of orbits of a : k A — > k A (resp. 7 e : k A — > k A ). 
Let 0o, )7e be the set of orbits of the group generated by a, 7 e acting on k A . Let 
^a,/3,7 be the set of orbits of the group generated by a, P, 7 acting on k A . 

Let ^Q i7e be the set of all O e Q a , le such that O is a single 7 e -orbit in k A . Let 
n^ 7e = aj7e — ^a i7e ; if O G ^a )7e then O is a union of two 7 e -orbits in k A . 

Let X be an indeterminate. Let A = {A e k[X]; A monic , A(0) 7^ 0}. We 
have ^4 = U neN ^l n where i" = {A e ^4; deg(A) = n}. Note that ^4° = {1}. For 
AeAwe define a function k* — * N, A 1— > by 

A = II (^- A ) n "- 

A6k* 

If A G and C k* is such that A 1— > is constant on (9 then we set 
n O = n A where A G O. 
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For A G A and f G {a, /?, 7, £7} we set * A = rLek* ( X - ^( X )T X • 
21 = {A G .4; Q A = A, nf G 2N, G 2N}, 

2l = {A G A; Q A = A, nf = 0, = 0} c 21. 

For n G N let 2l n = 21 n A n , 2lft = 2l n -4 n . For n odd we have 2P = 2lft = 0. 
Note that 2l n , 21ft are stable under A^A,A^ 7 A. 

For e G Z/2 we set 7e 2l n = {A G 2l n ; ^ A = A}, ^2lft = {A G 21q ; 7e A = A}. 

1.2. Let e G Z/2. For any n G N the condition that A G A n satisfies 7e A = A 
is that it is of the form X n + aiX n_1 + • ■ ■ + a n -\X + a n where ai G k satisfy 
(— l) ei af = a,i (and ao 7^ if n > 0). Hence the number of such A is equal to 
q n — g n_1 (if n > 0) and to 1 if n = 0. This number may also be computed in 
terms of the multiset of roots of A and then it appears as the number of solutions 
of the equation Xloesi \@\ n o + n i + n -i = n with no, n\, n_i in N and, in the 
case where e = 1, with n\ = n-\. We see that 

(1 - qX)-\l -X) = (l- qX)- 1 - X(l - qX)' 1 = 1 + ^(g n - q n ~ 1 )X n 

n>l 

is equal to 

n (l-xi !)-^!-^)- 2 

if e = and to 

J] (l-X^r^l-X 2 )- 1 

if e = 1. 

1.3. For any n G 2N, the condition that A G 2l n satisfies 7e A = A is that it is 
of the form X n + aiX n_1 + ■ • • + a n -iX + a n where G k satisfy = a n _; for 
z G — 1], a n = 1, (— l) ei aj = di. Hence the number of such A is equal to 
q n l 2 . This number may also be computed in terms of the multiset of roots of A 
and then it appears as the number of solutions of the equation 

\O\no + 72-1 + n_i = n 

with no G N, ni,n_i in 2N and (in the case where e = 1) with m = n_i. We 
see that 

(1-qX 2 )- 1 = Q n/2 X n 

n£2N 

is equal to 

n {\-x\°\)-\i-x 2 )- 2 
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if e = and to 

H (l-x^-^i-x 4 )- 1 

CD £ ,7^ 

if e= 1. 

1.4. From 1.2 we have 

(a) J] (1-X^)- 1 J] (l-Xl^-^Cl-gX)- 1 ^-^) 3 , 

^- ck ,7 ^ ck ,7 



(b) J] (l-xi^i)- 1 J] (i-xi°i/ 2 )- 2 = (i- ? x)- 1 (i-x)(i-x 2 ). 

C6f2' OeH" 

From 1.3 we have 

(c) J] (l-X^)" 1 n (l-Xl°l)- 1 = (l- ? X 2 )- 1 (l-X 2 ) 2 , 

^ cc ,7 ^- a: ,7 



(d) n (l-xi^i)- 1 n (i-xi°i)- i =(i- 9 x 2 )- i (i-x 4 ). 

In (a) we replace X hy X 2 and divide the resulting identity term by term with 

(c) . We obtain 

(e) J] (l+Xl^l)- 1 J] {1 - X\°\)~ l = 1 - X 2 . 

ck,7 01,-7 

In (b) we replace X by X 2 and divide the resulting identity term by term with 

(d) . We obtain 

(f) n (l+xi^i)- 1 n (l-xi !)-^!-^ 2 . 

Let e G Z/2. For C G fi Q , 7e we set e j(C) = 1 if O G fi^ 7e and e j(C) = if 
C G fi" . For n G 2N, A G ^ e 2l n we set 

e M= £ W)"o = E ^eZ/2. 

When e = we shall also write j{0),j^ instead of j(O),°jA- We have 6 j'a = 
6 j>a- From (e),(f) we see that for n G 2N: 
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(g) the sum ^Ae 7e »™ ( — -0 ^ * 5 z'/n > 4, z's — 1 z'/n = 2 and is 1 ifn = 0. 
We show: 

(h) Let e G Z/2. Let n G 2N, A G 21" be such that ^A = A = ^A. T/ien 
e j A = n(g-(-l) e )/4GZ/2. 

We write fi, O' instead of aj7e , Q! a For A G k* we set n> = n A . For C G fi, 
^e> = is denned. We must show that 

E «o = «(g-(-l) e )/4eZ/2. 

If C G fi' then /3(C) G fi' and ra^©) = Assume that C G fi', /3(C) = C. 
Let A G C. Then /3(A) = 7* (A) for some i G [1, |C| - 1] and 7* (A) = A. Thus 
|C| divides 2i. Hence i = |C|/2 and /3(A) = a(A) that is -A = A" 1 . We see 
that C C J. (See 1.1.) Since |C| > 2 = |J| we see that C = J. In particular, 
J G O' so that (-l) e A 9 = A" 1 for A G J that is q = -(-l) e mod 4. Thus the 
involution C 1— > /3(C) of fi' has 1 fixed point J if 5 = — (— l) e mod 4 and no 
fixed point if q = (— l) 6 mod 4. We see that J2oeii' n o e Q ua l s nj \i q = — (— l) e 
mod 4 and equals if q = (— l) e mod 4. Hence (h) holds for o = (— l) e mod 4. 
Now assume that q = — (— l) 6 mod 4. We have n = N' + N" + 2n\ where 
N' = X^A6J n >' = X^A6k A -j n ^- Now k A — J is a disjoint union of four 
element sets {A, A -1 , —A, —A -1 } on which A 1— > n\ is constant. Hence N" G 4N. 
Since ri\ G 2N we have 2ri\ G 4N. Hence n = 2nj mod 4 and nj = N/2 mod 2. 
This proves (h). 

1.5. Let C G 0^ )7 . If A G C then A<?'° l/2 = /. Hence \(i loW2 -^/^ e {1,-1} 
and we can define e(C) G Z/2 by (-l) e (°) = \(i l ° W2 -^/^ (it is independent of 
the choice of A in C). Let C G fi^ r If A G C then A qI ° I/2 = A" 1 . Hence 
A ( 9 |0|/2 +i)/2 e and we can define e ( ) e Z /2 by (-1) £ (°) = _\(g |0|/2 +i)/2 

(it is independent of the choice of A in C). Thus e(C) G Z/2 is defined for any 

For any n G 2N and A G 7 2l n we set 

e A = (l/4)(a-l)n A 1 + £ e(C)n A G Z/2. 

We set 

u= (_i)(«-i)/2. 

We now state the following result. 

(a) Let x n -o : = EAeTaj ;£D =o( _1 ) JA ' We have x n;0 = if n > 4; x n - = 
(l/2)(-l-u) ifn = 2;x n ° = 1 ifn = 0. 

The proof is given in 2.10. We now derive some consequences of (a). 

(b) Let x n -i := EAe^^^il- 1 ^- We have x n -i = if n > 4; x n -i = 
(l/2)(-l + u) if n = 2; x n ;i = if n = 0. 
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(c) Let x n := X^Ae^a^ ( — 1) JA+£A • We have x n = ifn > 4; x n = — u ifn = 2; 
x n = 1 if n = 0. 

(d) rw, 7 a - (c-i^^+^xioi))- 1 = i - ui 2 . 

Now (b) follows from (a) since, by 1.4(g), x n -o + x n] i is equal to if n > 4, to 
— 1 if 77, = 2 and to 1 if n = 0. We have x n = x n -o — x n -i hence (c) follows from 
(a),(b). Clearly (d) follows from (c). 

1.6. For any n G 2N the condition that A G 2T satisfies A = ^A = 7 A is that 
it is of the form X n + aiX n ~ 1 + ■ ■ ■ + a n -\X + a n where a; 6 k satisfy at = 
for odd i, a,i = a n -i for i G [1, n — 1], a n = 1, a\ = a,i. Hence the number of such 
A is equal to q n / 4 if n G 4N and to g( n ~ 2 )/ 4 (if n G 2 + 4N). This number may 
also be computed in terms of the multiset of roots of A and then it appears as 
the number of solutions of X^oefi \@\ n o + n i + n -i = ^ with no G N and 
m = n_i G 2N. We see that 

£>€fi a ,/3, 7 n£4N ne2+4N 

= (1 - qX 4 )" 1 + X 2 (l - gX 4 )" 1 = (1 - g^ 4 )" 1 ^ + X 2 ). 

Hence 

(a) J] (l-Xl°l)- 1 = (l- ? X 4 )- 1 (l-X 4 ) 2 . 

1.7. Let W be the set of all subsets U of k A such that k A = U U a(f7). 

Let S be a set such that \S\ = 2. Let n G 2N, A G 21q . Let S A be the set of all 
maps ip : U — » S such that 

W) = n/2 + Exeunw n f + for U, U' in U. 

We show: 

(a) for any U 6W, the map Sa — > S, ip i— > ^>(E/) zs a bijection. 
Let 77-a = n A . It is enough to show that for £/, C/', U" in W we have 

^2 nx+ S ™ A + S nx = ™ A + S 71 A + S nA mod 2 

Aec/nc/' Aet/'nf/" Aet/"nt/ Aec/ Aei/' Aet/" 

or equivalent ly 

n\+ nx + Ux 

\e(unu')-u" \eu"-(uuu') \e(U'nU")-u 

+ ^2 n x + ^2 nx+ ^2 nx = mod 2 - 

\eu-(u'uu") \e(U"nu)-u> \eU'-(U"nu) 
This follows from the fact that a defines bijections 

(u n */') - u" ^ u" -(uu u'), (W n u") -u^u-(u'u u"), 
(u"nu)-u' ^ u'-(u"nu). 

We see that 
\S A \ = \S\ = 2. 
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1.8. Let W = {U eU;U = a/3(U)}. Note that W ^ 0. 

Let n E 2N,A G Note that n x A = n A (A) for any A. To any ip E S A 

and any U E W we associate an element ^ G S/3a by the requirement that 
Pij)(U) = n/2 + ip(U), see 1.7(a). We show that ^ip is independent of the choice of 
U. It is enough to show that if U' E U* then 

^(U') = n/2 + < A + ^(^)- 

xeunv 

Since ip(U') = n/2 + J^xeunv n x + ^(U), it is enough to show that 

E "* a = E »?• 

xeunv xeunv 

The left hand side is 

xeunv \eP(U)np(U') \ea(U)na(U') xeunu' Xeunv 

as required. 

The map ip h- > ^i/j is a bijection Sa — > Spa- 

1.9. Let e G Z/2. Let be the set of all subsets t/ of k A such that 

(i) if O G 0^ 7e then UnO= {71(A); i = 0, 1, . . . , |C|/2 - 1} for some A G 0\ 

(ii) if G fi" 7e then £> fW is a single 7 e -orbit in k A . 

Note that in the setup of (i), A is uniquely determined by U ; we set (o,u = 7 f T 1 (^)- 
We have ^ U* C W. 

Let n G 2N, A G To any ip E Sa and any £/" G we associate an element 
le if; E S~t e a by the requirement that 

(a) ^(17) = £ <,+VW 

We show that le ip is independent of the choice of U. For A G k A we write n\ = n A , 
= ^^ A - We have m 7e (>) = n\. It is enough to show that if U' E U* , then 

n Cou ,+^{U') = n/2+ £ ^W+VW 

oesi' a „ e xeunv oen' a:Je 

Since ip(U') = n/2 + J^xeunv n ^ + tp(U), it is enough to show that 

J2 n (o,u> + J2 nx= J2 mx+ J2 n <o,u m ° d 2. 

oefi' Aet/nt/' Aet/nf/' oen' „ 
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If O G Q" „ then £/ n U' n £> is 7 e -stable hence 

xeunvno xeunu'no 
Hence it is enough to show that for any O G Q' ane we have 

n Co,u> + Yl Ux = Yl Ux + U ^o,u mod 2. 

Aec/nt/'no A6 7e " 1 (t/nc/'no) 

We may identify O = Z/(2r) so that the permutation 7 e of O is z i— > % + 1. 
Then U C\0 (resp. E/ 7 n C) becomes the image of {a, a + 1, . . . , a + r — 1} (resp. 
{6, 6+ 1, . . . , b + r — 1}) under Z — * Z/(2r); Co,c/ (resp. Co,*/') becomes the image 
of a — 1 (resp. 6—1) under Z — > Z/(2r) and the restriction of A i— > n> to O 
becomes a function n : Z/(2r) — > N such that n(i) = n(i + r) for all i. We can 
assume that either a<b<a + r — 1 < b + r — 1 or b<a<b + r — 1 < a + r — 1. 
We can identify U C\U' with {b, 6 + 1, . . . , a + r — 1} (in the first case) and with 
{a,a+ 1, . . . ,b + r — 1} (in the second case). In the first case we must show that 

n b -i + (n b + nb+i H h n a+r _i) = + n b H h n a+r _ 2 ) + n a _i mod 2 

which is obvious since n a -i = n a + r -i- In the second case we must show that 

n b -i + (n a + n a+ i H h n b+r -i) = (n a -i -^fia-] h n b+r - 2 ) + n a -i mod 2 

which is obvious since n b -\ = n b + r -i. 

The map ip h- ► 7e V' is a bijection Sa — -» SreA- 

2. Semisimple classes in finite spin grpups 

2.1. Let F be a k- vector space of even dimension iV with a fixed nondegenerate 
quadratic form Q : V — » k. Let 

O q = {<7 G GL(V); = Q(x) for all x G V}, 

SO Q = {ge Oq; detfo) = 1}, PSOq = SOq/{1, -1}. 

For any subspace V of V we set 

V'- 1 = {v G V; <9(u + u') = + Q{v') for all v' G V'}. 
Let C(Q) be the Clifford algebra of Q. Recall that C(Q) is an associative k-algebra 
with 1 with a given k-linear imbedding V — > C(Q) such that v 2 = Q(v) for any 
v G V. Let Oq be the subgroup of the group of units of C(Q) generated by the 
elements v G V such that Q(v) = 1. Note that Oq is a reductive algebraic group 
(a closed subgroup of the group of units of C(Q).) 
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If v G V and g G Oq then gvg 1 (product in C(Q)) is in V and g i— > [u i— > gug 1 ] 
is a homomorphism of algebraic groups 
« : -> Oq. 

For any v & V such that (5(f) = 1 we have k(v) (v) = v and k(v)(v') = —v' if 
v' G (kv)- 1 -. Let SOq = k~ 1 (SOq) be the spin group of Q. Now k restricts to a 
(surjective) homomorphism of algebraic groups SOq SOq denoted again by k; 
if N > 2, its kernel has order 2. For N > 2 we define 5 G SOq by k(<5) =1,5^1. 

Let S = {s G SOq; s semisimple}. For s G S and A G k*, let 

V A S = {v eV;sv = Xv}; 

let 

A s = nAek*(*-A) dim ^. 
We have A s G 21^. We have V = Q)\ek*V\ and Q\v?, Q\v° 1 are nondegenerate. 
For y G SOq and A G {1, -1} let 

7| = {[a]; a odd, y u \v^ s has some Jordan block of size a}; 

let 

I y = {[a]; a odd, y u \v? s +v y i has some Jordan block of size a}. 

Assuming that N > 2 let S be the set of subspaces E of V such that dim = AT/ 2 
and Q|s = 0. Let S be the set of orbits of the SOQ-action y : E i— > y(£') on 5. Let 
E 1 1— > [[£]] be the obvious map S S. Since |«S| = 2, the definition and results in 
1.7 are applicable to S = <S. If s G S satisfies = Vl x = (so that A s G 21^) 
we define ip s : U — » S by 

We show that 

(Notation of 1.7.) It is enough to show that for any U, U' in U we have 

[[(BxeU'V^]] = N/2 + £ dim F A S + [[© A6C/ y A s ]]. 

Aet/rw 

This follows from the following known result: 

(a) ifE,E'eS then [[£"]] = dha(E/(E n £")) + . 

2.2. Assume that N > 2. For any A G 2l N we set R A = {s G H; A s = A}. For 
any A G 21^ and any ip G 5a we set i?^ = {s G -Ra; = V 7 }- Now (a),(b) below 
are easily verified. 

(a) -Ra (A G 21^,) are exactly the OQ-conjugacy classes in S. 

(b) R A (A G 21^ — 21^ ) and (A G 21^ , ip G S A ) are exactly the SO Q - 
conjugacy classes in S. 
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2.3. Assume that N > 2. For any g £ SOq (resp. y £ SOq) we denote by Z(g) 
(resp. Z(y)) the centralizer of g (resp. y) in >SOq (resp. in SOq); we also set 
Z(g) = {x G SOQ-^xgx' 1 G {g,^}} = K _1 (Z(K(sr)), a subgroup containing Z(#). 

We show: 

(a) Let g G SOQ,y — n(y). We have xgx~ x = Sg for some x G SOq if and 
only if y satisfies conditions (%),(%%) below: 

(i) Z(y s ) is disconnected that is, V^ s ^ and ^ 0; 

(ii) the Z(y s )°-conjugacy class of y u is also a Z(y s )-conjugacy class that is, 
If ^ and /», 

We have K~ 1 (Z(y s )) = Z(g s ). Since k : SOq SOq is a double covering we 
have dim Z(g s ) = dim K,(Z(g s )) and dim Z(g s ) = dim Z(y s ) hence dimZ(y s )° = 
dimZ(5r s )°. Since \Z(g s )/Z(g s )\ < 2 we have Z(g 8 )® = Z(g s )°. Since Z(g s ) = 
Z(g s )° we have n(Z(g s )) C Z(y s )° and Z(g 8 ) = Z(g s )°. Hence dimZ^) = 
dimZ(y s )° = dim K,(Z(g s )). Thus K,(Z(g s )) = Z(y s )°. Since 5 G Z(g s ) we have 
Z(g s ) = n-\Z{y s ) G ). In particular, \Z(y s ) /Z(y s )°\ = \Z(g s )/Z(g s )\ < 2. 

Now assume that we can find x G SOq such that xgx~ x = 5g. Then xg s x~ x = 
SgsjXguX -1 = g u . Thus we have x Z(g s ) so that x ^ K _1 (Z(y s )°) and 
k(x) £ Z(y s )°. Clearly, k(x) G Z(y s ). Thus Z(y s ) ^ Z(y s )° and Z(y s ) is dis- 
connected. Also, if z G Z(y s ) we have either z G Z(y s )° or z G Z(y s )°ft(a;) (note 
that |Z(?/ s )/Z(w s ) | < 2); since K(x)y u «:(x) _1 = y u , in both cases zy u z~ x is in the 
Z(y s )°-conjugacy class of y u . We see that y satisfies (i),(ii). 

Conversely, assume that y satisfies (i),(ii). We have \Z(y s )/Z(y s )°\ = 2 hence 
\Z(g s ) /Z(g s ) | = 2. Then we can find £ G Z(g s ) such that £(? s £ _1 = 0£» s . We 
have k(£) G Z(y s ) and since y satisfies (ii) we have ^(^)y u K(^) _1 = zy u z~ x for 
some ^ G Z(y s )°. We have z = k(C) for some £ G Z(g s ) and K(£)ft(5r M )K(£) -1 = 
«(C)«(^)«(C) _1 - Hence = ^C^C" 1 for some j G Z. Since ~\ C^C" 1 

are unipotent and 5 J is semisimple, central, we must have 5 J = 1 and CduC -1 = 
(guC 1 - Setting f = C" 1 ^ we have ^g u ^'~ l = 9u, C'^sC' -1 = <fo hence C'^C' -1 = 
<5<7. This proves (a). 

From (a) we deduce (b),(c),(d) below: 

(b) If A G 21^ and froin nf,??.^ are 7^ then k~ 1 (Ra) is a single SOq- 
conjugacy class. 

(c) If A £ %l N and exactly one ofnf.n^ is ^ then k _1 (Ra) is a union of 
two SO Q-conjugacy classes interchanged by multiplication by 5. 

(d) If A £ QIq and ip £ Sa then k~ 1 (R a ^) is a union of two SO Q-conjugacy 
classes interchanged by multiplication by 5. 

Indeed, the centralizer in SOq of an element in Ra is disconnected in case (b) 
and connected in case (b); the centralizer in SOq of an element in R^ in case (d) 
is connected. 

2.4. Let T be the set of all group isomorphisms F : V — » V such that F(Xv) = 
X q F(v) for all A G k, v £ V and Q{F(v)) = Q(v) q for any v £ V. Let F £ T. Then 
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V F is an F g -vector space of dimension N and Q\v F is a nondegenerate quadratic 
form V F -> F q . We write [V] F for the image of (V F , Q\ v f) in Wi°(F g ) = Z/2. In 
the case where A^ > 2 an equivalent definition of [V] F is that [[F(E')]] = [I^F + ff-E 1 ]] 
for any E E S. (In the case Af = we have [V] F = 0.) 

We have a partition T = J-'o U T\ where for e G Z/2 we set T e = {F' G 
T; [V] F > = e}. 

Define F : Oq -> Oq by F(g)(F(v)) = F(g(v)) for g EO Q ,v EV; this restricts 
to a group isomorphism SOq — » SOq denoted again by F and this induces a 
group isomorphism PSOq — ► PSOq denoted again by F. There is a unique ring 
isomorphism C(Q) — * C(Q) whose restriction to V is F : V — * V and whose 
restriction to k C C(Q) is A i— > A g ; we denote it again by F. This restricts to a 
group isomorphism Oq — » Oq and to a group isomorphism SOq — » SOq which 
are denoted again by F. 

2.5. Assume that N >2. Let e G Z/2. Let Fef. Let s G S. Let A = A s . Then 
A(_ 1 )e F ( s ) = 7e A. Now assume that s satisfies V{ = Vf 1 = 0. Then tjj s G Sa and 
V'(-i) e F(s) ^ 7e A, ^V's e are defined. We show: 

(a) -i/'(-i) e F( s ) = [V]f + le ips- 

It is enough to show that if £7 G Uf then (with notation of 1.9): 

(b) [[®xeuVt irF{s) ]] = [V]F+ £ nf ou + [[© Aet ,Vfl]. 
We have 

©A e[ /^ ( - irF(s) = mxeuV^ 1{x) ) = F(© Ae7 - 1(rj) ^ s ), 

[[®\^(u) v x]] = N/2 + dim(© Ae7 - 1(t/)nt/ y A s ) + [[(BxeuVZ]]. 
It is enough to show: 

E ™a+ E n t.u = N / 2 mod2 - 

From definitions we see that the left hand side is equal to J2\eu n x and this is 
clearly equal to N/2 as an integer, not only modulo 2. 

2.6. Assume that N > 2. Let e G Z/2. Let F E T. Let s G S be such that 
(-l) e F(s) = s, A = A s . Then A = ^A. Let V = V{ + Vl x . Note that Q\y is 
nondegenerate and V is F-stable. We show: 



(a) 



JA = [V] F - [V'] F E Z/2. 
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When V = V both sides are 0. Hence we may assume that V ^ V. Replacing if 
necessary V by V'^, we may assume that V = that is, A G 21^. Let U G U* . 
In our case we may rewrite 2.5(b) as follows: 

[[®\euVf\] = [V]f + e jA + [[®xeuV£]]. 

We see that [V]p + e jA = 0, as desired. 
We show: 

(b) // in addition A = ^A and A G 21^ then [V] F = N(q - (-l) e )/4 G Z/2. 
This follows from (a) and 1.4(h). 

2.7. In the remainder of this paper we assume that N > 2. 

Let F e F. For A G 21^ we have F(i? A ) = fl-rA- Hence # A is F-stable if and 
only if A G 7 2l 7V . 

If A G 7 2l 7V and nf ^ 0, 7^ then is a single (F-stable) S'Og-conjugacy 
class and for each y in this class, Z(y) has two connected components. Hence in 
this case, is a union of two >SOq-co njugacy classes. 

If A G 7 2l 7V and exactly one of nf, is nonzero then Ra is a single (F-stable) 
5*Oq -co njugacy class and for each y in this class, Z(y) is connected. Hence in this 
case, R^ is a single SOq-co njugacy class. 

If A G 7 21^ then i?A is F-stable is a union of two SOq-co njugacy classes 
#a(^ e 5 a). We show: 

(a) Let a = [F]f + Ja G Z/2. For i(j e S A we have F(R%) = R a ^ . 
Let s G i? A . We have A s = A, ip s = ip. We have Af(s) = 7 A hence Af(s) = A. 
By 2.5(a), 1.9(a) we have 

V>F (s) (tO = + ^s(U) = [V] F + ja + Mu) =a + mu) 
for any U G W*. Thus ipF( s )(U) = a + ip s (U) so that ipF(s) = a + ip s = a + ip. We 
see that F(s) G # A +V \ This proves (a). 

We see that if a = then R A is F-stable. Since for any y in this class, Z(y) is 
connected we see that in this case (R%) F is a single SOg -co njugacy class. 

2.8. Let F G T. Let Otj? : SOg — > Z/2 be the spinor norm. This is the group 
homomorphism defined by the requirement that F(g) = 5 mp ^g for any y G SOq, 
g G K~ 1 (y). We have the following result. 

(a) Let y G SO%. Setting A := A Vs G ^Sl^, e' = [V^[] F , we have (-l)^(f) = 
(-l) e '+ £A . 

(Notation of 1.5.) Clearly any unipotent element of S'Oq is in the kernel of OTp. 
Hence it is enough to prove (a) assuming in addition that y = y s . If V' is an 
F-stable, y-stable subspace of V such that Q\y> is nondegenerate and such that 
V /0,y'/ V; from the definitions we see that, if (a) holds for (V, y\v) and for 
(V 1 - ,y\yi±) then it also holds for (V,y). Thus we may assume that there is no 
subspace V as above. Then we are in one of the following four cases, 
(i) N = 2, y = 1; 
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(ii) N = 2, y = -1; 

(iii) Vi = Vl x = and there is a unique O E Qj7 such that Uq > 0; moreover 
Uq = 1 and O E fi' a>7 ; 

(iv) = = and there is a unique (9 G a;7 such that Uq > 0; moreover 
Uq = 1 and O E ft£ >r 

In case (i) the result is trivial. 

Assume that we are in case (ii). Choose £ G F* so that (^-i)/ 2 = (— l) e . We 
can find a basis tti, -U2 of V F such that Q(crai + a! 112) = a 2 — a' 2 £ for a, a' E k*. 
Choose A G k* so that A 2 = We set i> = X~ 1 u 2 . We have Q(u) = 1. Hence 
g := uiv E k _1 (— 1) and g = X~ 1 uiU2, F(g) = {\~ 1 ) q u\U2 = bg where 

b = (A-^A = (A 2 ) (1 ~ g)/2 = (-C) (1 " g)/2 = (-l)(s-D/2(_i)< 
Hence (a) holds in this case. 

Assume that we are in case (iii). Then T := Z(y) is an F-stable maximal torus 
of SOq and T F is cyclic oforder q\°V 2 + 1. It follows that V := k _1 (T) is an 
F-stable maximal torus of SOq and T' F is necessarily cyclic of order q\°\/ 2 + 1. 
Since 5 E T' F the map T' F T F induced by k has kernel {1,5} hence is image 
is the unique subgroup of index 2 of T F . Hence y E T F is in the image of this 
map if and only if y^° W + 1 )/ 2 = 1. Thus (a) holds in this case. 

In case (iv) the proof is the same as in case (iii) provided that we replace 
q\o\/2 _|_ 2 by q\o\/2 _ ^ This completes the proof of (a). 

2.9. In the remainder of this paper we assume that we have chosen Fo E J-'o and 
F\ E T\. Let e G Z/2. For any A G 7 2l 7V let / A be the number of semisimple 

F e 

conjugacy classes C in SOq such that k(C) C Ra', let /a = — /a- 
We compute /a in various cases. Set n = nf\ n' = n^ 1 . 

(i) Assume that n ^ 0,n' / 0. In this case k _1 (.Ra) is a single (F e -stable) 
semisimple conjugacy class in SOq hence (k~ 1 (Ra)) Fs is a single conjugacy class 

F e 

in SOq (we use the fact that the centralizer of a semisimple element in SOq is 
connected). Hence we have f A = 1. We see that /a = 0. 

(ii) Assume that n^0,n' = 0. In this case is a single conjugacy class c in 
SOq c . By 2.8(a), the spinor norm is equal to (— 1) £A on c. Hence if ca = 1 then 
fl = fl = and f A = 0, while if e A = we have K - 1 (c) F ' ^ 0. Since by 2.3(c), 

for any g E k _1 (c), 5g is not conjugate to g under SOq (hence under SOq ), we 

. p e 

see that when 6a = 0, K _1 (c) Fe is a union of two conjugacy classes in SOq . Thus 
if 6a = 0, we have f A = f A = 2 and f A = 0. 

(iii) Assume that n = 0, n' 7^ 0. In this case R A is a single conjugacy class c 
in SOq". By 2.8(a), the spinor norm is equal to (— l) e +£A on c where e' = [Vl-^p 
with s E c. By 2.6(a) we have e' = e + ja- Thus the spinor norm is equal to 
(— l) e+JA+eA on c. As in case (ii) we see that f A equals if e + j A + €a = 1 and 
f A equals 2 if e + j A + e A = 0. Thus f A = 2(-lp A + £A . 
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(iv) Assume that n = n' = 0. If e ^ j'a the / A = 0, see 2.7(a). Now assume 
that e = j A . By 2.7(a), for any ip G 5a, (-R A ) Fe is a single conjugacy class c in 
SOq". By 2.8(a), the spinor norm is equal to (— 1) £A on c. As in case (ii) we see 
that / A equals if e A = 1 and / A equals 4 if e A = 0. (We have 4 instead of 2 since 
there are two ip's.) We see that / A = 4(— 1) JA if e A = and /a = if ca = 1. 

2.10. Proof of 1.5(a). Recall from 1.5 the notation x n -i = J^ae^^-ca^^^^ 
for i = 0, 1. Let / = X^Ae^a^ /a- We com Pute /a in two different ways. On the 
one hand we have f = fo — fi where f e is the number of semisimple conjugacy 

■ F e 

classes in SOq . Since SOq is semisimple simply-connected of rank N/2 for N > 4, 
we have f e = q N ^ 2 hence / = 0; for N = 2 we have f e = q — (— l) e , hence / = —2. 

On the other hand from 2.9 we see that /a = if nf ^ 0. If nf- = we can 
write uniquely A = (X + l) n 'A' where ra' G 2N and A' G 7 2l^" n '; note that 
3 A = 3A'-> ^a = £A' + — l)/4. Using this and 2.9 we obtain 

/= 4(-l) JA + 2(-l) jA '+ £A 'u n '/ 2 

Ae^a ( ^;e A =0 n'62N;0<n'<JV A'e^a^"™' 

that is 

= 4^0 + 2 (x N ,.,o-x N ,., 1 )u( N - N 'V 2 

N'E2~N;N'<N 

for iV > 4 and —2 = 4x2 ; o + 2(xo ; o — ^o,i) u - Recall that by 1.4(g), x n -o + x n .\ is 
equal to if n > 4 and to — 1 if n = 2. Also from the definitions we have xq-,o = 1, 
xq-i =0. It follows that 

= 4x^0 + 4 Yl xn'; u( n - n 'V 2 + 2(2x 2 , + l)u^" 2 )/ 2 + 2u^ 2 

N'E2~N;2<N'<N 

for iV > 4 and x 2 ,o = (-2 - 2u)/4. Hence for N > 4 we have 
2(2x 2;0 + l)u^" 2 )/ 2 + 2u N / 2 = 

and X N;0 + Y.N'E2KS;2<N'<N X N ';0^ N ~ N ' )/2 = 0. 

From this we see by induction on N that xn-,o = if N > 4. This proves 1.5(a). 

3. Counting conjugacy classes in finite spin groups 

3.1. Here and in 3.2, 3.3 we fix g G SOq and we set y = n(g). 

We assume that there exist V', V" , f where V, V" are y-stable subspaces of V 
both of dimension a (odd) such that V" C V'^, Q\v->Q\v" are nondegenerate and 
/ : V — > V" is an isometry such that fy(v) = yf(v) for any v G V. We show: 

(a) S e %{g)°. 

Let v[, . . . , v' a be a basis of V such that Q(J2i a i v i) = J2i a i f° r an y a i e k. Let 
v'l, . . . , v'l be the basis of V" given by v" = f{v'j). For any A, fx in k such that 
A 2 + jU 2 = 1, the vectors wi = Xv^ + [iv"{i G [1, a]) form a basis for the subspace 
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they generate such that Q(52i a i w i) = Si a l f° r an y a i e k; moreover, 
Q\v x M is nondegenerate and V\ ifl is y-stable. Let g\^ = (U1U2) 2 G ^Oq where 
Mi = i4i> 2 ■ ■ - v'a G Oq, W2 = W1W2 ■ ■ - w a G Oq. Now k{u\) is 1 on V' and is — 1 
on (V^') -1 ; hence it commutes with y. Similarly, k(u2) is 1 on V\ M and is —1 on 
(Vx.m)" 1 ; hence it commutes with y. Thus, n{g x ,^) G Z(y) and y A , M G = 
Z(y). The map {(A, //) G k x k; A 2 + /U 2 = 1} — * Z(y), (A, y) \— > (7a,^, has as image 
an irreducible subset of Z(y). Since y^o = 1, this image must be contained in 
Z(g)° = Z(g)°. Since a is odd we have #0,1 = 6. Hence (a) holds. 

3.2. We assume that there exist two y-stable subspaces V, V" of V both of dimen- 
sion a (odd) such that V'(~)V" = 0, Q\y = 0, Q\v" = 0, Q\v'+v is nondegenerate. 
We show: 

(a) 5 G Z{gf. 

Let vi, . . . , v a be a basis of V . Let i^, . . . ,v' a be the basis of V" such that Q(vi + 
v'a) = for i 7^ j and 0,(i>i + ^0 = 1 f° r an F° r an Y c G k* we have Q(cvi + 
c~ 1 v' i ) = 1. For c G k* and i = 1, . . . , a we set 

0i, c = (c _1 - c)^- + c = (c - c'^v'^i + c" 1 = (vi + vl)(cvi + c" 1 ^) G SOq. 

Let y i>c = K(g i}C ). We have yi, c (v») = c~V, y i>c (t> ■) = c 2 t>- and yi, c (v) = v for 
any v G (kuj + kv' i ) ± . Moreover gi, c , g2,c, ■ ■ ■ , ga,c commute with each other in 
SOq. Their product in SOq is denoted by by g c . Let y c = n{g c ). We have 
Vc( v i) = c~ 2 Vi, y c (v'i) = c 2 v' i for all % and y c (i>) = v for any u G (V + V") . Thus 
y c G Z(y) and y c G Z(g). The map k* — ► Z(g), c ^ g c has as image an irreducible 
subset of Z(g). Since yi = 1, this image must be contained in Z(g)° = Z(g)°. 
Since g-i = (— l) a = —1 we see that (a) holds. 

3.3. We show: 

(a) If for some odd a, the number of Jordan blocks of size a of y u : V V is 
> 1 then 5 G Z(g)°. 

(b) If for any odd a, the number of Jordan blocks of size a of y u : V V is 
< 1 then 5 <£ Z(g)°. 

For a odd and t G k*, let f a ^ be the number of Jordan blocks of size a of y u \v t Vs ■ 
Assume that the hypothesis of (a) holds. Then for some odd a we have J2t fa,t > 1- 
If fa,t > for some t G k A then we also have faj- 1 > 0. We see that 3.2(a) is 
applicable, with V C V t Vs and V" C V^_\, so that 5 G Z(g)°. Next we assume that 
fa : t = for any t G k A . Then f a \ + f a ,-i > 1- We see that 3.1(a) is applicable, 
with V, V" subspaces of V? 3 + V% so that 5 G Z(g)°. This proves (a). 

Assume now that the hypothesis of (b) holds. Then by an argument in [L4, 
14.3] we have 5 <£ Z(g u )°. Since Z(g) C Z(g u ) we have Z(g)° C Z(g u )° and we 
see that 5 Z(g)°. This proves (b). 

3.4. Let F G T. Let C be a conjugacy class in SOq such that F(C) = C. Then 

. f 

C F ^ 0. We set M c ,f = {C G t(SO Q );C C C}. As it is known, one can describe 
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Mc,f in terms of the action of F on Z{g) (where g G C F ) as follows. Consider 
the equivalence relation ~ on Z(g) given by h ~ h' if h! = hi 1 hF(hi) for some 
hi G Z(g). We define a map Z(g) — » Mq,f by 

. f 

z i— > (SOq — conjugacy class of 

where f G SOq is such that z = £ _1 F(£). This map is well defined and (by 
standard arguments using Lang's theorem) it induces a bijection 
(a) ~Z(g)/ ► M c ,f. 

3.5. In the setup of 3.4 assume in addition that SC = C. Then C i— > 5C de- 
fines an involution Si of Mq,f- Now /i i— > hi ± hF(hi) (with h G Z(g)/Z(g)°, 
hi G Z(g)/Z(g)° - Z(g)/Z(g)°) induces an involution 5 of Z(y)/ ~. We have a 
commutative diagram 

~Zjg)/ > M c ,f 

So 



Z(g)/ ► m c ,f 

where the horizontal maps are as in 3.4(a). Indeed, let z G Z(g) and let £ G SOq 
be such that z = £ _1 F(£). Let z' G Z(y) - Z(y). Then z'- 1 zF{z') G Z(y) 
and = z , - 1 £- 1 F(£)F(z'). It is enough to show that (^z')g(^z')- 1 = 

5£y£ _1 . This follows from z' gz'~ x = 5g. 

3.6. Let g G SOq and let y = n(g) G SOq. We show: 

(a) the image of the homomorphism Z(g) — » Z(y) induced by k is Z(y s )°nZ(y); 
moreover the index of Z(y s )° f]Z(y) in Z(y) is equal to the index of Z(g) in Z(g). 
Note that K,(Z(g)) = Z(y). Hence if Z(g) = Z(g), (a) is clear (in this case 
Z(y s ) = Z(y s ) so that Z(y s )° H Z(y) = Z(y)). Now assume that Z(g) ^ Z(g). 
We have Z(g) C Z{g s ) = Z(g s )° hence k(Z( 9 )) C n{Z{g s )°) C Z(y s )°. Also, 
C Z(y). Hence k(Z( 9 )) C %)°n%). Since |Z(y)/Z(y)| = 2 and 
ker^ C Z{g) we have |«(Z(^))/k(Z(^)) | = 2 that is, \Z(y)/K(Z(g)) | = 2. It is 
enough to show that Z(y) <f_ Z(y s )°. We can find x G Z(g) — Z(g). Then xgx~ x = 
5(7 and xg s x~ x = Sg s . Since x Z(y s ) = K_1 (-^(ys)°), we have k(x) Z(y s )°. On 
the other hand, k(x) G Z(y). Thus Z(y) ^ Z(y s )° and (a) is proved. 

From (a) we see that we have an exact sequence 

1 -> {1, 5} - Z(y) A Z(y s )° n Z(y) -> 1. 
We see that we must be in one of the following two cases: 

(i) S G Z(g)°; then Z(g) = Z{y s f n Z(y); 

(ii) 5 <fc Z(g)°; then we have an exact sequence 
1 -> {1, *} -> Zg) -> Z(y s )0 n Z(y) - 1. 

. — 

3.7. Let F G JF. Let y G .SOq be such that 5 £ Z(y)° and let y = n{g) G SO%. 
Using 3.3 we see that I y = If U I v _ l is a disjoint union and that can find y-stable, 
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F-stable subspaces V a ([a] G I y ) : V of V which form a direct sum decomposition 
of V such that 

any summand is contained in the - 1 of any other summand; 

V a C V«° if [a] G If, V a c V»i if [a] G 7^; 

dimV a = a and y u \v a nas a single Jordan block if [a] G I y ; 
has no Jordan block of odd size. 
Since dim V^" , dim V^J are even, we see that |/f |, \I y _i\ are even. 

For any [a] G I y we define r a G Oq by r a (v) = v for v G 14, r a (v) = — 1> for 
u G Vj~; let p a G Oq be one of the two elements in K~ l (r a ). We have r a y = yr a , 
F(r a ) = r a . Using (— l) aa = —1 we see that 

(a) if [a], [a 1 ] in I y are distinct then p a p a ' = Sp a 'pa. 

We identify Z/2[I y ] with the subgroup of Oq generated by {r a ; [a] G I y } in such a 
way that [a] G I y corresponds to r a . Then E := Z/2[i|]* © Z/2^]' is identified 
with a subgroup of Z(y s )° n Note that E 1 contains exactly one element in 

each connected component of Z(y s )° n Z(y). From 3.6 we see that i? := k~ 1 (E) 
(a subgroup of Z(g)) contains exactly one element in each connected component 
of Z(g). 

For /,/' in Z/2[I y ] we define (/,/') G Z/2 by //' = 5 (/ ' / ' ) /7 where / G 
/' ^ are in Oq; note that (/,/') is well defined since Z/2[I y ] is 

abelian (it is clearly independent of the choices). Now (, ) : Z/2[I y ] x Z/2[I y ] — > 
Z/2 is a symplectic bilinear form and by (a) we have ([a], [a']) = 1 for [a] 7^ [a']. Let 
E[ a ]e/» X «H be in the radical of (, ). (Here a; G Z/2.) Then E[ a ]e/»;[a]^[a'] = 
for any [a'] G I 4 '. Hence X[ a /j = J^ a ] x a is independent of [a']; we denote it by x. 
We have x = \I y \x = since \I y \ is even. Hence X[ a ] =0 for all [a]. We see that 
(, ) is nondegenerate on Z/2[I y ]. 

Let E be the subspace of Z/2[I y ] spanned by the elements fi = J2[ a ]ei v 
/-1 = E H e^>]- We have (/1, /_0 = |/f = in Z/2 hence (,)\ Eo = O.We 
have E = {/ G Z/2[/f]; (/, /1) = (/, /_i) = 0}. Hence E is exactly the radical of 
(,)\e- 

Let E' = Z/2[I y }', E' = k~ 1 (E). Note that E C E' C £" contains 

exactly one element in each connected component of Z(y) and E' C ^((7) contains 
exactly one element in each connected component of Z(g). 

Since F(r a ) = r a for every [a] G I y ', the subgroup Z/2[/ y ] of Oq is contained in 
Og. Hence k- 1 (Z/2[/^]) is an F-stable subgroup of Oq and for any / G Z/2[I y ] 
we have F(/) = f (where / G n'^f)) and c(/) G Z/2. (Note that c(f) is 
independent of the choice of /.) Clearly, / 1— > c(/) is a homomorphism Z/2[/ y ] — * 
Z/2. 

Now h! : h 1— > h'~ 1 hF(h') defines a £"-action on i? and, by restriction, a in- 
action on £7. Let X be the set of orbits of the ^-action. We show: 

(b) \X\ equals \E\ ifc(f') 7^ for some f G E and equals \E\ + \E Q \ if c\e = 0. 
For /, /' in Z/2[I y ] we have f'- 1 fF{f') = 8UJ')+<f')f w h ere / G k _1 (/), /' e 
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K~ 1 (f). Hence E E induces a surjective map X — » E whose fibre at / G E 
has size 2 if (/, /') +c(f) = for all /' G E and has size 1 otherwise. We see that 
X =\E\ + \A\ where 

A = {/ G E; (/, /') + c(f') = for any /' G E}. 
Assume first that c(/i) 7^ 0. Then for any f <E E we have (/, /1) + c{f\) 7^ 0; 
thus A = 0. Similarly, if c(/_i) ^ we have A = 0. Next assume that c(/i) = 
c(f-i) = 0. Then c|e = 0. Hence we can find f E E such that c(/') = (/,/') 
for any /' G £. We have A = {f e E;(f + f, /')"= for any /' G E} = / + £ - 
Thus, I A I = I Sol- This proves (b). 

In the case where I\ 7^ 0, 7^ 0, we have a partition X = X' U A"' where A" 
(resp. A"') is the set of E-orbits on E which are (resp. are not) £"-orbits. In this 
case we have the following refinement of (b) : 

(c) We have \X'\ = \E\. Moreover \X"\ equals if c(f') 7^ for some f G E 
and equals \E \ = 4 if c\e = 0. 

From the first sentence in the proof of (b) we see that | X'\ is the number of .E-orbits 
of size 2 on E plus the number of fixed points of the ^'-action on E. Hence 

\X'\ = \{f G E; (/, /') + c(f') ^ for some /' G E}\ 
+ 2\{f G E- (/, /') + c(f') = for any /' G E'}\. 

To prove that \X'\ is as in (c) it is enough to show that \A\ = 2\A\ where A is as 
in the proof of (b) and A = {/ G E; (/, /') + c(f') = for any f G E'}. 

Assume first that c(f') 7^ for some /' G Eq. Then for any / G E we have 
(f, f')+c(f) 7^ 0; thus A = A = and (c) holds. Now assume that c\ Eo = 0. Then 
we can find / G E such that c( f') = (/, /') for any /' G E. As in the proof of (b) 

we have \A\ = \E \ = 4. Since c\l = there exists / G E' such that c(f') = (/, /') 
for any /' G E' . For /' G E we have (/, /') = (/, f) hence / G / + E . Thus we 
may assume that f = f ■ Note that A C A. The condition that / G / + £0 is in A 
is that for any /' G £?' we have (/, f) + c(f') = that is (/ + /, f) = or that 
f + fEL. We see that A = f + L so that |i| = 2 and \A\ - 2|i| = 4 - 2 x 2 = 0. 
This proves (c). 

Returning to the general case we note that for A G {1, —1} we have 

c(/a) = [W x ]f + dim(W x )(q - l)/4 
where W\ = J2[ a ]ei v ^ e a PP^ 2.8(a) to f\ G SOq instead of y.) We 
set W' x = V^ s H V. Then = W\®W' X and both summands are F-stable 
and y-stable; moreover y u : W x W x is an orthogonal transformation with no 
Jordan blocks of odd size. It follows that dimW^ G 4N and = so that 

[W x ]f = [V^ 3 ]f and dimH/ A = dimV^ mod 4. We see that 
( c(f x ) = [V^ ] F + dim(yf )( ? -l)/4. 

Since y u has no odd Jordan blocks on V x , s with A' G k A we see that n x , G 2N 
for any A' G k A (where A = A y J. Hence €a = dim(V^j)(g - l)/4. Since 
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y = n(g) we have 9Tf(j/) = 0. Using 2.8(a) we deduce that [V^jji? + eA = hence 
[V^\] F + dim(V^ s 1 )(g - l)/4 = 0. Thus c(/_i) = 0. It follows that 

c(/i) = c(h) + c(/_i) = [V* + V^] F + dim(U^ + dim V^)(g - l)/4. 
By 2.6(a) we have [V^ + V2!j]f = [Vj F + j A - Using n£ G 2N for A' G k A we see 
that j'a = and dim(V 1 ys + dim V^\) = dim(U) mod 4. It follows that 

c(h) = [V] F + N(q-l)/4. 
Now let C be the >SOQ-conjugacy class of g. We have canonically Mc } f <-> 
Z(g)/ X (see 3.4(a)); moreover, if SC = C then the fixed point set of 

5i : Mc,f — » Mc,f corresponds to the fixed point set of Sq : Z(g)/ ~— > Z(g)/ ~ 
(see 3.5(a)) and this is in bijection with the subset X' of X. We can summarize 
the results above as follows. 

(d) Assume that If = I v _ x = 0. Then \M c ,f\ = 2. 

(e) Assume that If ^ 0, I v _ 1 = 0. Then 

\M c ,f\ = 2 |J i 1-1 + 2 if [V] F + N(q - l)/4 = G Z/2, 
\M c ,f\ = 2 |J i 1-1 if [V] F + N(q - l)/4 = 1 G Z/2. 

(f) Assume tfierf If = 0, x ^ 0. T/ien |M C)F | = 2^ I" 1 + 2. 

(g) ^ssnme i/ia£ If ^ 0, J y x ^ 0. T/ien 

\M c ,f\ = 2 |J ? l+l J -il- 2 +4i/ [U] F + iV(g - l)/4 = G Z/2, 
|M C ' F | = 2^1 H'-il" 2 ,/ [y] F + jV(g - l)/4 = 1 G Z/2. 
Moreover, the number of ' C G Mq,f such that SC = C is equal to 2^ Tl l+l 7 -il -2 . 

3.8. Let FGf. Let g G SVq be such that S G Z(^)° and let y = n{g) G SOg. 
From 3.6(i) we see that Z(g) = Z(y s )° fl Z(y) and this may be identified with 
Z/2[If]' © Z/2[/ y 1 ]* in such a way that the action of F on Z(g) becomes the 
trivial action on Z/2 [If]' © Z/2[If_ Hence if C is the S'OQ-conjugacy class of 
g we have canonically M c ,f <-> £(0)/ Z/2[/f]* © Z/2[/ y x ] - (see 3.4(a)). If in 
addition we have = C then, by 3.5, the involution Si of M(C, F) becomes the 
involution of Z(y s )° fl Z(y) given by conjugation by an element of Z(y) which is 
not in Z(y s )° fl Z(y) and this last involution is trivial since Z(y) is commutative. 

We can summarize the results above as follows. 

(a) Assume that If = I y _ 1 = 0. Then \M c ,f\ = 1- 

(b) Assume that exactly one ojIfJ v _ x is ^ 0. Then \M c ,f\ = 2 |J i 

(c) Assume that If ^ 0, J» x ^ 0. T/ien \M c ,f\ = 2^+^- 2 . 
Moreover, the number of C G Mc,f such that SC = C is equal to 2'^ l + ^-il -2 . 

3.9. For any n G N let P n be the set of partitions of n and let n(n) = \P n \- Thus 
we have 7r(0) = 1. We set 7r(n) = when n G Q — N. For n G N let P n be the 
set of partition of n into even parts. We have \P n \ = n(n/2). Let Tn be the set of 
all S'OQ-conjugacy classes of unipotent elements y G SOq such that I y 7^ 0. Let 
Tjy be the set of all S'OQ-conjugacy classes of unipotent elements y G SOq such 
that I y = 0. Let T N be the set of all S'OQ-conjugacy classes of unipotent elements 
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y E SOq such that I y ^ and such that for any odd a, y has at most one Jordan 
block of size a. Now Tjy has a natural fixed point free involution in which an orbit 
and its image are contained in the same OQ-conjugacy class; let be the set of 
orbits of this involution. For n, n' in 2N + 2 we note that Z/2 acts on T° x T°, 
(by the involution above acting simultaneously on both factors); let T® x T°, be 

the set of orbits for this Z/2-action. We define Tq to be a set with one element. 

We have |T°| = n(n/A) for all n E 2N. For n E 2N + 2 we set t n = |T n | 
and r n = ^ y 2l /y l _1 where y runs over a set of representatives for the conjugacy 
classes in T n . We also set t = 0, r = 0. 

3.10. Let e G Z/2. We fix A G W N . We set n x = nf , n_i = n^. For C G a , 7 



we set no = Uq. Let = {j e SOq ; K(g) s E Ra}- Let be the set 

' ^ e A A 

of SOq -conjugacy classes contained in A^. Let ' A e = {C E A e ;8C = C'}, 
"At = {C eA£;6C ^C'}. 

3.11. In the setup of 3.10, assume that n\ ^ 0, n_i 7^ 0. From the results of 2.9, 
3.7, 3.8 we see that 

\"At\ = + h 2 + h 3 + h A + h 5 + h 6 + h 7 where 



hi = 2 Ylo e n ar/ 

h 5 = 2 Iloen ar/ 
he = 2 Uoen a ^ 

It follows that 



P-no I lT.ru l r n-i if e = j a + e-A and hi = otherwise; 

-Pn ||Z!ni l*n_i if e = (ni +n_i) ((/ — 1)/4 and h 2 = otherwise; 

-Pno km |Z!n_! I if e A = and /i 3 = otherwise; 

ni+n_i)(q — 1)/4 and /14 = otherwise; 
0, e = j a and h$ = otherwise; 

if e = and /i6 = otherwise; 



P \t IT I if p 

no l^ni \A_ n _ 1 \ 11 c 



no 



I m A J n_i 



-Pno |^ni^n_i if e = (rii + n-i)(q — l)/4 and /i7 = 0, otherwise. 



r^i-r^fi = 2 n ^Mm/^^ 

+ 45 £A=0 n 7r(n )7r(n 1 /4)7r(n_ 1 /4)(-l)^ +eA 
+ 4 J] 7r(n /2)t ni 7r(n_ 1 /4)(-l)^+^ 1 )^- 1 )/ 4 



A+eA 



e>efi c 



+ 4 ]J 7r(?i /2)7r(?i 1 /4)7r(n_i/4)(-l)( ni+n - l) ^- 1 



)/4 



+ 4 J] *(n /2)i ni t n _ 1 (-l)^ +n -i ^~^ 4 . 

0€fl a , 7 
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3.12. In the setup of 3.10, assume that n\ ^ 0, n_i = 0. From the results of 2.9, 
3.7, 3.8 we see that 



\"Af | =h 1 + h 2 + h 3 + h 4 where 



hi = 2 rioes! \Pn a I l^ni I if e A = 0, e = j a + eA and /ii = otherwise; 

h2 = 2n oe n Q , 7 \Pno\\T^\ if e A = 0,e = (m + - l)/4 and /i 2 = 

otherwise; 

hs = 2 Yloen a 7 l-^W> l r "-i if = and h 2 = otherwise; 

h 4 = 4 rioena l^ni if ca = 0, e = 1)/4 and /14 = otherwise. 



'q,7 

It follows that 



\"£*\ ~ \"At\ = 4 ^a=o II HnoMni/m-V JA+eA 

oen a , 7 

+ 45 £A=0 II ^(^/2)(7r(n 1 /4)+t ni )(-l)^+— )^" 1 )/ 4 . 

3.13. In the setup of 3.10, assume that ri\ = 0, n-i 7^ 0. From the results of 2.9, 
3.7, 3.8 we see that 

\"Ae I =h 1 + h 2 + h 3 + h 4 where 

^1 = 2 rie>6fi a l-fno I l^n-i I if ca = 0, e = jA + eA and hi = otherwise; 
^2 = 2rie>6n a 7 l-^noll^n.J if e = (n x + - l)/4 and h 2 = otherwise; 

h 3 = 2 Yl 0e n a \P no l r n_i if e = j A + eA and /i 3 = otherwise; 
h 4 = 4 rioefia l-^no l^n_i if e = (ni + n_i)(q — l)/4 and /14 = otherwise; 
It follows that 



\"A£\-\"A?\ = 2 H n(no)r n ^(-^y A+eA 

+ 45 £A=0 J] 7r(n )7r(n_ 1 /4)(-l)^+ eA 

+ 4 J] 7r(n /2)(7r(n_ 1 /4)+t n _ 1 )(-l)^+—)^- 1 )/ 4 . 

3.14. In the setup of 3.10, assume that ri\ = n_i = 0. From the results of 2.9, 
3.7, 3.8 we see that 

\"Af\ = hi + h 2 where 

hi = 4 rioefic* 7 \P n o I if ca = 0, e = j'a + eA and hi = otherwise; 

^2 = 4 rie>6n a l-^no I if ca = 0, e = (ni + n-i)(q — l)/4 and h 2 = otherwise. 

It follows that 
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\"Ao\- 1^1=4^=0 n ^(M(-i) jA+eA 

e>efi a. , "y 

+ 4o £A=0 J] 7r(n /2)(-l)^+— )^" 1 )/ 4 . 

3.15. We showj__ 

(a) If C e e(S'Og) and <5C = C then for any £ G Oq we have £0£ _1 = C. 

Let C = k(C). We have C = ^(C). Let £ G Oq and let a; = G Oq. We 
must show that £0£ _1 = O. It is enough to show that xC'x~ x = C . Let y G C . 
By 2.3(a) w satisfies (i),(ii) in 2.3(a). Hence we can find an orthogonal reflection 
r : V — » V such that r = 1 on (V^ 3 ) . It is enough to show that ryr~ x is SOq- 
conjugate to y. Now (ryr~ 1 )\ v vs and y|y»s are unipotent orthogonal transforma- 
tions which are conjugate under OQ\ vVa ; moreover they have some Jordan block of 

odd size hence we can find u\ G SOq\ vVs such that (ryr -1 ) ly^s = u\(y\ v y a )u± . 

Define it G 5"Oq by u(v) = U\{v) for i> G V^ s and it(v) = v for u G (V/' 8 ) . Then 
ryr~ x = uyu~ x . This proves (a). 
We show: 

(b) If C is as in (a) then we have Fq(C) = C if and only if F\(C) = C . 

Let y := F ( ^~ 1 Fi : V — > V. Now y is a vector space isomorphism preserving 
Q hence y G Oq. We have F\{v) = Fo(y(v)) for all v G V. It follows that 
Fi(g) = F^ygy -1 ) for any g G Oq where y G Oq is such that k(§) = y. Hence 
the condition that Fi{C) = C is equivalent to the condition that F (yOy _1 ) = C 
and this is equivalent to the condition that F(C) = O, since yCy~ x = O, by (a). 
This proves (b). 

Let C be as in (a) and such that F (C) = C (or equivalently F\(C) = C). By 
the results in 3.7, 3.8 we have 

(c) \M(C,F )\ = |M(g,Fi )| = \n{Z {g))\ 

for any g G C. (Note that \n(Z(g))\ does not depend on the Frobenius map.) 
Conbining this with (b) we see that in the setup of 3.10 we have 

(d) \'A£\ = \'A?\. 

3.16. Let 

*(X)=5>(n)X-=n(l-* fc r\ 

neN fc>l 

A(X) = TnX n , ~A(X) = $n + 7T(n/4))X n . 

n£2N ne2N 

In the identity 

(a) 1+ (2< + (l/2)<)X- = vl>(X 2 ) 2 ^^ 2 

n£N+l m£Z 
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in [L4, p. 249] we have x' n = r n if n E 2N and a;" = 27r(n/4) for all n. Adding 
the identity (a) with the one obtained from it by the substitution X \— > —X we 
therefore obtain 

(4r n + 27r(n/4))X n = 2^{X 2 ) 2 xm ' 

n62N m62Z 

that is, 

J2 (2r n + n(n/4))X n = V(X 2 ) 2 X ^ ■ 

n£2N m'eZ 

Using this and Jacobi's identity 

(b) ^x^ 2 =^>(-X)-H(X 2 ) 

jez 

with X replaced by X 4 we obtain 

(c) 2A(X) + V(X 4 ) = y(X 2 ) 2 y(-X 4 )- 2 y(X 8 ) 
In the identity 

(d) E \Vn,t\X n = ^(X^iX^i-X)- 1 

n£N teZ 

in [L4, (14.5.2)] (with Z x =X, Z 2 = 1) we have J^tez |^»,*| = + 7r(ra/4) if n is 
even. Adding the identity (d) with the one obtained from it by the substitution 
X i— > —X we therefore obtain 

2 ^ (i n + n(n/4))X n = (X 4 )tf (X 2 )tf (-X)" 1 + V (X 4 )V (X 2 )V (X)- 1 . 

ne2N 

Thus 

(e.) 2A(X) = ^(X^iX^i^i-X)- 1 + -V(X)- 1 ). 

From the computation 

n(i-(-^) fe ) _i = n (i+^r 1 n a-**)- 1 

fc>l fc>l; odd fc>l; even 

= ii(i+x k r i n (i+x k ) n (i-x^)- 1 

A;>1 even even 

= JJ(1 -X^)" 1 JJ(1 f[ (1-X 2k ) 

k>l k>l k>l\ even 

x \\ (l-X*)- 1 fl (l-A^)" 1 

fc>l; even fc>l; even 

we see that 

(f) ^(-X)^(X) = tf(X 2 ) 3 * (X 4 )" 1 . 
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3.17. We set 

a N = \Itt(SOq)\ - \Irr(sdQ)\ = \c(SOq)\ - HSOq)\ 

(a) = E (i^o a i-i^d= E (\"A£\-\"A?\). 

(The last equality follows from 3.15(d).) We set «o = 8. From 3.11-3.14 we see 
that _ 

E «J" = a + b + c 

n£2N 

where 

Ae^a oen a , 7 
x 7r(nf/4)X n ^r n A(-l) n -i^- 1 )/ 4 X n -i, 

b = 4 E II <n^){-l) n o^°) x\°\ n o x 7r(nf/4)X n ^7r(n^ 1 /4)X n -S 

Ae^a,e c =o oea a , 7 

c = 4 E II T(ng/2)Jrl°l»S 
Ae^a oen a ,-y 

x (t nt + 7r(nf/4))X»*(f B A +7r(n^ 1 ))X"-i(-l)^ + "-i)^- 1 )/ 4 . 

We set 

(b) * ff (x)=n(i-^*r i - 

*:>i 

Recall that u = (-l)^ -1 )/ 2 . Let tu be such that mj 2 = u. We have 
a = 2(E 7r(n/4)X»)( E; J] { E ^)((-l) j( ° )+e(0) * |0| r} 

= 2^(X 4 )A(wX) H Hil-d-iyW+'WxW)*)- 1 . 

oen Q , 7 fc>i 

Thus 

2- 1 ^(X 4 )- 1 M™X)- 1 a= J] J] (l-((-l)^(0)+ e (0) x |0| )fc) -i 

fc>l 0€fi„, 7 

= n n (i-(-i) j(o)+£(o) (^ fe ) i ° i )" 1 n n (i-(**) |o| ) _i - 

fc>l;fc odd 0€fi a>7 A;>2;fc even 06f2 a>7 
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The products over O can be evaluated using 1.3 and 1.5(d). We obtain 
2" 1 ^(X 4 )" 1 A(«;X)- 1 a = JJ (1 - uX 2k ) JJ ( X " qX^'y 1 JJ ( X " X 4k ') 2 

k>l;k odd k'>l k'>l 

= n (i-(wx) 2k )y q (x 4 )y(x 4 )- 2 

k>l,k odd 

= JJ(1 " (wX) 2k ) JJ (1 - {wX) 2k )-H q {X A )y{X A )- 2 

k>l k>2;k even 

= ^((wX) 2 )- 1 ^(X 4 )^ (? (X 4 )^(X 4 )- 2 = ^ <? (X 4 )^(X 4 )" 1 ^((«;X) 2 )- 1 . 
Using this and 3.16(c) with X replaced by wX we obtain 
a = 2^ q (X 4 )^((wX) 2 )- 1 A(wX) 

= y q (X 4 )y((wX) 2 )y(-X 4 )- 2 V(X 8 ) - tf 9 (X 4 )tf ((wX) 2 )- 1 ^ (X 4 ). 
We have b = b' + b" where 

b ' = 2 II 7r(^)(-l) n ° J ' (0) ^ |0|n °7r(nf/4)X^7r(n^ 1 /4)X n -i, 

b" = 2 ^ J] 7r(^)(-l)^'^Xl°l^ 
7r(nf/4)X n ^7r(n^ 1 /4)X n -i(-l) CA . 

We have 

w = 2 ( T(n/4)x») a n E 7r H((- i ) j ' (0) ^ |0| ) n 

n£2N 0€fi ai7 n6N 

= 2v|/(X 4 ) 2 JJ ^^-((-l)^ )^! !)*)- 1 

oen a!7 fc>i 

= 2* ( x 4 ) 2 n n (i ~ (-ly^ix^)- 1 n jj (l-p^)^)- 1 . 

fc>l; 06f2 a , 7 fc>2; e>efi Q , 7 

A; odd fc even 

The products over O can be evaluated using 1.3 and 1.4(e). We obtain 
b' = 2*(X 4 ) 2 JJ (1-X 2fc ) JJ {(l-qX 2k )- 1 (l-X 2k ) 2 } 

k>l;k odd k>2;k even 

= 2*(X 4 ) 2 JJ(1 -X 2k ) JJ (1 -X 2fc )" 1 ^ (? (X 4 )^(X 4 )- 2 

fc>l k>2;k even 

= 2^(X 4 ) 2 ^(X 2 )-^(X 4 )^ g (X 4 )^(X 4 )- 2 = 2^ 9 (X 4 )^(X 4 )^(X 2 )" 1 . 
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We have 

b " = 2 E II <n%){-lYoU{o )+ e(o)) 

xXl°l^7r(nf/4)X n ^(-l) n -i^- 1 )/ 4 7r(n^ 1 /4)X n -i 

= 2( ^ 7r(n/4)X-) 2 J] ^7r(n)((-l)^°)+ e (°)xl lr 
n62N e>efi a ,-y neN 

= 2V(X 4 ) 2 J] JJCl-CC-l^+^xl ")*)" 1 . 

oef2 Qi7 fc>i 

As in the computation of a the product over O is equal to 

f^I 4 )*^ 4 )" 1 *!^!) 2 )- 1 . 

Hence 

b" = 2tf g (A 4 )tf(A 4 )*((«;A) 2 )- 1 . 

We have 

c = 4 II E^/^'^E^+^z 4 )^)") 2 

06Sl a , 7 neN ne2N 

= 4A(«;A) 2 J] J](l-Xl°l 2fc )- 1 =4A(«;X) 2 J] J] (1 - (X 2k )M)-\ 

Oe£l a ,~, k>l fc>106fl a , 7 

The product over O can be evaluated using 1.3. Using this and 3.16(e) we obtain 

c = 4A(«;A) 2 - qX^)- 1 ^ - X 4k ) 2 = 4A(wX) 2 ^ q (X 4 )^(X 4 )- 2 

k>i 

= q^X^dwXff^i-wX)- 1 + ^iwX)- 1 ) 2 

= y q (X 4 )y((wX) 2 ) 2 (-$(-wX)- 2 + $>(wX)- 2 + 2^(-wX)- 1 ^(X)- 1 ). 

Here we can replace ^(wX)~ 2 + *(-wI)" 2 by 2*((wI) 2 )- 1 *(-X 4 )- 2 $(I 8 ). 

(Indeed from X]jez(~ -^-Y + Sjez^' 7 = ^Xljez^ 4 "' an< ^ the J ac °bi identity 
13.6(b) we obtain 

*(A)" 2 ^(A 2 ) + ^(-A)" 2 *(A 2 ) = 2*(-A 4 )" 2 ^(A 8 ). 

We then replace X by wX.) Thus we have 

c = 2* g (A 4 )^((«;A) 2 )*(-A 4 )- 2 ^(A 8 ) 

+ 2* g (A 4 )^((«;A) 2 ) 2 *(-«;A)- 1 ^(«;A)- 1 . 



IRREDUCIBLE REPRESENTATIONS OF FINITE SPIN GROUPS 27 



The product of the last two factors above can be rewritten using 3.16(f) with X 
replaced by wX. We obtain 

c = 2^ q (X 4 )^((wX) 2 )^(-X 4 )- 2 ^(X 8 ) + 2^ q (X 4 )^((wX) 2 )- 1 ^(X 4 ). 

Combining the results above we obtain 

«J" = a + b' + b" + c = 3<f q (X 4 )^((wX) 2 )^(-X 4 )- 2 ^(X 8 ) 

ne2N 

(c) + 3^ (? (X 4 )^((«;X) 2 )- 1 ^(X 4 ) + 2^ q (X 4 )^(X 2 )-H{X 4 ). 

4. Counting data in the dual group 

4.1. Let s G S be such that A := A s G 21^. We show: 

(a) f3 ip s = ip- s G Sf} A . 
It is enough to show that ifUeW then [[®\ e uV^ s ]] = N/2 + [[®\ e uV£]}. This 
follows from 2.1(a) since ®\euV\ S = ®\e-uV\ = ©Aeu- 1 ^ ^ s a subspace of V 
complementary to ®\euV\- 

4.2. Let 21 (resp. 21"^) be the set of unordered pairs (A, A') where A, A' are 
elements of 21 (resp. 21^) such that A' = 13 A. For k G {0, 1, 2} let 2J_f be the set 
of all (A, A') G 21^ such that exactly k of the numbers nf , are nonzero. 

Let % N >* (resp. % N >=) be the set of all (A, A') G % N such that A ^ A' (resp. 
A = A'). 

For k G {0,1,2} let 2J_f # = naf, 2tf' = = % N '= n 2tf . Note that 

af >= = 0. 

~ N 

Let 2J_ be the set of quadruples 9 = (A,ip, A',ip') (with (A,ip, A' 
(A',ip', A,tp) identified) where A, A' are elements of 21^ such that A' = ^A and 
ip G 5 A , */>' e 5 A ' satisfy ^' = (See 4.1(a).) 

~ N ^ ~ N = ~ N 

Let 2t (resp. 2t ' ) be the set of all (A, ip, A', ?/>') G 2J_ such that A ^ A' 
(resp. A = A'). 

For any G 21^ we set R<y be the set of all h G H such that 'x? = (A s , A s /) 
where 6> _1 (/i) = {s, s'} (we have s + s' = 0). For any G 2J^ we set be the 
set of all h G H such that = (A 8 ,ip 8 , A s /, i/v) where 6> _1 (/i) = {s, s'}. Note that 
if A G 2t N and 9 = (A/A) then = ^(i? A ) = 0(i2/s A ); if A G 2^,V G 5 A 
and 9 = (A, V, ^A, then = 0(i? A ) = 0(i^ A ). The following result and its 
proof are closely connected to 4.1(a). 

(a) Let A G 21^. Assume that @A = A. Let C,C be two SOQ-conjugacy 
classes contained in Ra- If N G 2 + 4N then C = -C . If N G 4N then 

-C = C,-C = c. 

Let s G C; we can find x G O(Q) such that xsx~ x = —s. We have xCx~ x = C . 
It is enough to show that detx = (-1) N / 2 . Let U G W. Then £ := ©agu^a e & 
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and x(E) = ® Xef3(u) V x s G S. Since EC\x(E) = we see from 2.1(a) that [[x(E)}} = 
N/2 + [[E]} hence det(x) = (-1) N/2 , as required. 

In the setup of (a) and setting Sa = {^l, ^2} we see that 0(R A ^) = 6(R A ^) if 
N e 2 + AN and 9(R^) ^ 6(R^) if N e AN. 

Using this and 2.2(b) we see that: 

(b) R<? (V e 2tf u xg), Rv (V e 2^'=, N e2 + AN), R^ (V e 21^, R^ 

~ N,= 

(s? G 2j ' , N E AN) are exactly the PSOQ-conjugacy classes in H. 

For ft G PSOq we denote by Z(ft) the centralizer of ft in PSOq. The component 

group Z(ft) is isomorphic to: 

Z/2 x Z/2 if ft G #9, 9 G 2^' = , N G 4N; 

Z/4 if ft G 9 G 2J_^' = , Af G 2 + 4N; 

Z/2 if ft G 9? G 2t^' = , AT G 4N; 

Z/2 if ft G i?<?,<? G 

{1} if ft G ifc, 9? G 2t^' = , G 2 + 4N; 
{1} if ft G i2<?, <? eOj^USlf'*. 

4.3. We define a permutation 9 i-> 7 9 of 21^ by (A, A') i-> ( 7 A, 7 A'). The fixed 
point set of this permutation is denoted by 7 21 JV . Note that for (A, A') G 21 N we 
have (A, A') G 7 2t JV if and only if 7 A is equal to A or to A' or equivalently if 
7e A = A for some e G Z/2. 

Let F G T . Clearly, F : PSOq PSOq permutes the subsets Ry and a subset 
Rz> is F-stable if and only if 9 G 7 2J Ar . It follows that PSO^ = U^^nR^. We 
show: 

~ N 

(a) Assume that 9 = (A, ip, A', ip') G % satisfies 7 (A, A') = (A, A') so 
that 7e A = A for some e G Z/2. Let a = [V] F + e j A G Z/2. Let a + = 
(A, a + ?/>, A', a + ?/>')• Then F(R^) = R a+ ^. 

Let ft G -R<j>. Let s G 6> _1 (ft). We may assume that A = A s ,^ s = ifj. We have 
A(_i)e F(s) = 7e Ahence A(_ 1)eF(s ) = A. By 2.5(a), 1.9(a), we have ^(-1)^(5) (U) =| 
a + ip s (U) for any U G U* . Hence V , (-i)eF(s)(^) = a + ip s (U) so that = 
a + ip. We see that F(h) = 9({-l) e F(s)) G i? a+ <5 and (a) follows. (Compare 

2.7(a).) ^ ^ ! ^ ^ 

Note that e is not uniquely defined when A = A'. In that case and if iV G 4N 
we have j& = 1 j'a = 0, see 1.4(h), hence a = [V]p is independent of e; on the 
other hand if N G 2 + 4N then = R a+ ^ = Ry where 9 = (A, A') hence (a) 
just states that F(Ry) = Ry. 

4.4. For any n G N we fix F : PGL n (k) — » PGL n (k), a Frobenius map for an 
Fg-split rational structure and a diagram involution t : PGL n — » PGL n such that 
lF = Ft and such that t 7^ 1 whenever n > 3. For any A G 21^ we set 

X A = {(gx) G J] PGL K ;g x = c(g x -i) for all A G k A }. 

A6k A 
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Let e G Z/2, A G ^ N . We define an automorphism fi e : X A -> X A by 
(<7a) i— ► (<7a) wnere <7a = ^7e(A)- This is well defined since 7 e a = «7 e . 

Define J : X A — ■> X A by (<7a) | — ► (<7a) wnere #1 = ^"Ga); 5 is a Frobenius map 
for an F g -split rational structure on X A commuting with fi e . 

In the case where A G 21^ and ^A = A = 7 Awe define an involution p : X A — > 
X A by (g x ) i-> (#a) where oa = #/3(A); for e G Z/2 we have = p e p. 

For any n G 2N we write Y n instead of (SOq n )a,d where Q n is the quadratic 
form x±X2 + X3X4 + ■ ■ ■ + x n -ix n on k n . We fix $ : Y n — » Y n , a Frobenius map 
for an F^-split rational structure and a diagram involution v : Y n — > Y n such that 
v !$ = 3V and such that v 7^ 1 whenever n > 4. We define cr : Y n x y n — > F„ x 7„ 
by (g, g') ^ (#', For any A G 2l N we define G A = X A x V n A x F^. 

4.5. Let e G Z/2. For any semisimple conjugacy class C in PSOq 2 we choose 

ft G C and s G ^(ft). Let A = A s , 9 = (A, A'). Note that 9 G 7 2l Ar . We 
can identify Z(h)° ad = G A (see 4.4) in such a way that F e : Z(h)° ad — > Z(ft)° d 
corresponds to £0 : G A -> G A where 5 : G A -> G A stands for 5 x £ x # of 4.4 
(a Frobenius map for an F g -split rational structure on G A ) and : G A — > G A is 

a diagram automorphism of G A commuting with 5- Let A = Z(ft) a a e , a finite 
abelian 2-group. Now any element / G A gives rise to an automorphism [/] of 
Z(h)® d = G A (conjugation by a representative of / in Z(h) ad ) which commutes 
with and is well defined up to composition with conjugation by an element in 
(G A )^^. We now describe in each case the action of 4> on G A . We also describe 
for each / G A a corresponding automorphism [/] of G A (it is enough to do that 
for a set of generators of A) . 

(I) Assume that 9 = (A, A') G . Define e' G Z/2 by 7e ' A = A. If e ^ e 'jA 
then i?^ e =0. If e = e j'a then R^f is a union of two PSOq £ -conjugacy classes 

flj e where 9 = (A, ^, A', . We have = /v x 1 x 1 and A = {1}. 

(II) Assume that 9 = (A, A') G 2J_f We have 7 A = A and i?J e is a single 
PSOq" -conjugacy class. We have 4> = p xlxv jA+e (ifn^ 7^ 0), 4> = p Q xu jA+e xl 
(if n A ^ 0) and A = {1}. 

(III) Assume that 9 = (A, A') G 21^. Define e' G Z/2 by ^'A = A. Then 
R^f is a union of two P^O^-conjugacy classes C a {a G Z/2). For C a we have 4> = 

p e i x a e ' (u a x u a+e+e JA ) and A = Z/2 with generator / such that [/] = 1 x v x v. 

(IV) Assume that 9 = (A, A') G 2J_^' = and that N e 2 + 4N. We have 
7 e 'A = A where e' G Z/2 is defined by (g - (-l) e ')/2 = e G Z/2 and is a 
single PSOq b -conjugacy class. We have <p = p e > x 1 x 1 and A = {1}. 

(V) Assume that <? = (A, A') G 2t^' = and that iV G 4N. If e = 1 then 
R^ e = 0. If e = then R^ e is a union of four PS'O^-conjugacy classes e , 

~ AT 

where 9 = (A, V>, A', ip') G 21 and e' G Z/2. For e , we have = /v x 1 x 1 
and A = Z/2 with generator / such that [/] = p x 1 x 1. 
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(VI) Assume that V = (A, A') G SU, and that N E 2 + 4N. If e = (q - l)/2 
mod 2 then R Fe is a union of four PS'Og^conjugacy classes C a ^{a G Z/2, e' G 
Z/2). For C a , e ' we have = /v x a e ' (u a x z/ e ' +a ) and A = Z/4 with generator / 
such that [/] = p x a(z/ x 1). If e = (q + l)/2 mod 2 then R Fe is a union of two 
PSO^-conjugacy classes C e '(e' G Z/2). For C e ' we have = /v x cr e '(l x z/ e ' +1 ) 
and A = Z/2 with generator / such that [/] = 1 x x v. 

(VII) Assume that 9 = (A, A') G &f' = and that iV G 4N. If e = then R Fe 
is a union of four PS'O^-conjugacy classes C a , e '(a G Z/2, e' G Z/2). For C a>e / we 
have = /v x a e (y° x and A = Z/2 x Z/2 with generators /, /' such that 
[/] = p x a, [/'] = 1 x v x v. Ife = l then R^ is a union of two P5 , Og e -conjugacy 

classes C e >(e' G Z/2). For C e > we have = /v x o" e (1 x z/) and A = Z/2 with 
generator / such that [/] = 1 x v x v. 

4.6. Let A be a finite group acting on a finite set 6. Let IrrA(<5) be the set 
of isomorphism classes of irreducible A-equivariant local systems on 6. For any 
integer n > 1 let 

(a) z n = \{x G (5; stabilizer of x in A has cardinal n}. 
Note that if A is commutative then 

(b) \lrr A (&)\ = \A\- 1 Z n >in 2 z n . 

As an example, let G be a reductive group with a Frobenius map F : G G rela- 
tive to an F 9 -rational structure. Let H F (G°) be the set of unipotent representations 
of G 0F (up to isomorphism). Now any automorphism a : G° — > G° commuting 
with F induces a permutation of il_p(G°) denoted by a. In particular for any 
g G G F , kd{g) : G 0F -> G 0F induces a permutation Ad(g) : ^(G ) -> lt F (G ) 
depending only on the image of g in (G/G°) F . This defines an action of the finite 
group (G/G°) F = G F /G 0F on the finite set ii F {G°). We set 

ii F (G)=lrr (G/G o )F (ii F (G )). 

4.7. For any n G N let P n be as in 3.9 so that \P n \ = 7r(n). If F, i are as in 4.4, 
then we have canonically ii F (PGL n (k)) = tt FL (PGL n (k)) = P n . Let e G Z/2, 
A G t-SI* Let fx e : X A -> V A by as in 4.4. Write il e (V A ) instead of % Me (V A ). 
From the definitions we have canonically il e (V A ) = rie>en a 7 hence 

(a) |il e (V A )| = roA , e 
where 

(b) ro A ,e = JJ 7r(n§). 

Now assume that A G 2l N satisfies A = ^A = 7 A. We set 

(c) uj a = JJ 7r(no). 
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Note that p : X A — » X A induces a permutation p : ii e (X A ) — > il e (X A ); from the 
definitions we have 



(d) i(ii e (x A ))q=K n p„a)£|==i n 



'O J. J. e> 

e>en 



Hence with respect to the Z/2-action on ii e (X A ) given by p we have 
|Irr z / 2 (it e (X A ))| 

(e) 

= 2\(ii e (X A ))E\ + (l/2)|il e (X A ) - (ii e (X A ))E\ = (3/2)w A + (l/2)tJ7 A ,e. 

4.8. For n G 2N and a G Z/2 we write ii a (Y n ) instead of ii^(Y n ); we set 

(a) i] n = 7r(n/4). 

For m G N + 1 let <E>^ (resp. be the set of "symbols" denoted by (resp. 
$-) in [LI, 3.3]. For n G 2N + 2, a G Z/2 we can identify it a (Y n ) = $£ /2 , see [LI]. 
For n G 2N we define 

(b) £« = |*i/ 2 |ifn>2, ^o = 0. 

Then |$° /2 | = £ n + 2rj n for n > 2. Thus for a G Z/2, n > 2 we have 

(C) K/ 2 l=^ + (l + (-l)>n. 

The involution z/ : il a (Y n ) — > il a (Y n ) induced by v : Y n — » Y n becomes an in- 
volution of which is again denoted by v_ (it can be also defined in terms of 
symbols). Note that v_ acts as 1 on $^/ 2 and |($°/ 2 )~l = Hence with respect 
with the Z/2 action on <&^ 2 given by v_ we have 

(d) |Irr z/2 « /2 )| = 2i n + (1/2)(1 + (-l)> n . 

Similarly if n, n' are in 2N + 2 then with respect to the Z/2-action on $^/ 2 x <&^',/ 2 
given by v x v we have 

|Irr z/2 « /2 x <' //2 )| = (l/2)(4Un> + (1 + (-1)°')^' 

(e) + (1 + (-1)°)^ + (1 + (-l) a )(l + (-ir') VnVn ,). 

For n G 2N + 2 and a, a' in Z/2 we write ii a ,a>(Y n x Y n ) instead of 
^{$x$)o{v a *v a ' )(yn x Y n ). Then we have canonically 

(f) Ua,a'(Y n xY n ) = 
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4.9. Let e G Z/2. For any 9 G 7 2T we set 




where C runs over the set of PS'O^-conjugacy classes contained in R^f and m<j = 
\U Fe (Z(h))\ = \ii Fe (Z(h) ad )\ for some/any h G C. We set 

= — 

In 4.10-4.15 we compute H<y in the various cases (I)- (VII) in 4.5. 

4.10. In the setup of 4.5(1) we have Hy = 2wA,e' if e = e ' ja and Hy = if 
e 7^ e j'a- Hence 

Hv = (-1) £ ' j *2w A ,e'. 

In the setup of 4.5(11) we set n = nf' + and we have 

Hh = ^A,0|^ 2 +e | = W A ,0(Zn + (1 + (-iy* +e ) V n). 

hence 

4.11. In the setup of 4.5(111) we set n = nf,n' = n^ 1 , £ = £ n >£' = £ n ',V = 
Vn, v' = Vn', e ' j = °JA- Assume first that e' = 0. Then 

Hh = ^A,0 Yl l Irr Z/2«/2 >< K>/2)\ 

a,a';a+a'=e+jA 

= (1/2)«7 A>0 £ (4^ + (l + (-l) a ')^' 

a, a ; 
a+a'=e+j A 

+ (1 + (-l) a )^' + (1 + ("l) a )(l + (-l)"')^) 

= ^A,o(^e' + + ve + w + (-i) e+jA W), 

^ = (-l)^2^ A ,oW- 
Assume next that e' = 1. Then n = n' and 

tf$ = «7A,i £ |Irr z/2 (^+ a ')| = 2^ A)1 (2e+(l/2)(l + (-l) e + 1 ^)r / ), 

a,a';a+a'=e+ 1 j'a 

^ = (-l) ljA 2 roA , 1 ? ? . 
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4.12. In the setup of 4.5(IV) we have Hy = w A ^ where e' is defined by (q — 
(-l) e ')/2 = e G Z/2. Hence 

Hv = (-l) {q - 1)/2 (w A , -w AA ). 

4.13. In the setup of 4.5(V) we have (using 4.7(e)): 

H<y = (3w A + ^a,o) + (3toa + ^a,i) 

and — 0. Hence 

= 6w A + ^a,o + c^a,i- 

4.14. In the setup of 4.5 (VI) we set n = nf = n A 1; £ = £ n ,r] = rj n . We have 

H§= |Irr z /4(H (X A )x< /2 x< /2 )|+ 211^/4(11! (X A )x$i /2 )| 

aEZ/2 

if e = (q- l)/2 G Z/2, 

= |Irr z/2 (il (X A ) x d>° /2 x *i /2 )| + |Irr z/2 (il 1 (X A ) x *£ /2 )| 

if e = (g + l)/2 G Z/2, where the actions of Z/4, Z/2 are as below. (For a Z/4- 
action on a set & we denote by z% the number of elements in & whose stabilizer 
in Z/4 has cardinal i.) The Z/4 action on il (X A ) x $° /2 x $° /2 is such that 
a generator acts by (A, B, C) i-> (p(A), C, z/(S)). Then (A,S,C) is fixed by the 
generator if pA = A, B = vB = C; it is fixed by the square of the generator if 
B = vB,C = y_C. We see that 

^4 = w A £, z 2 = -zu A f + ^A,o£ 2 , zi = 4ro A ,o(?7 2 + 

We have 

|Irr z/4 (Ho(X A )x$0 /2 x$° /2 )| =4^ + 22 + (l/4) 2l = 3 ro A^ + WA,o(^ + ^ 2 +^). 

The same computation shows that 

|Irr z/4 (il (X A ) x $i /2 x $* /2 )| = 3w A £ + w Afi f. 

(We put formally rj = in the previous computation.) 

The Z/4 action on iii(X A ) x <E>^ 2 ) is such that a generator acts by (A, B) i— > 
(p(A), z^(-B)). Then (A, £?) is fixed by the generator if pA = A; it is always fixed 
by the square of the generator. We see that 

2 4 = m A £,, z 2 = ota,i£ — wa£, z i = 0- 
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We have 

11112/4(11! (X A ) X $1 /2 )| = 4z 4 + Z 2 + (1/4)2! = 3W A £ + 07A,lf. 

We see that for e = (g — l)/2 mod 2 we have 

H%> = 3ro A £ + ro A , (£ 2 + V 2 + Zv) + 3w A £ + ro Ai0 ^ 2 + 2(3ro A £ + w A)1 £) 
= 12ro A £ + ro A , (2^ 2 + ?7 2 + £77) + 2w A)1 £. 

TheZ/2 action on il (X A )x$° /2 x$i /2 is by (A,B,C) i-> (A,v(B),i>(C)). Hence 
|Irr z/2 (Ho(X A ) x d>° /2 x ^ /2 )| = roA , |Irr z/2 « /2 x ^ /2 )| 

= Zx7 A)0 (2^ 2 +^). 

(The last equality comes from 4.8(e).) The Z/2-action on ili(X A ) x $° /2 is by 
(A,B) ^ (A, Hence 

|Irr z/2 (il 1 (X A ) x d>° /2 )| = ^ A)1 (2e + r7). 

We see that for e = (q + l)/2 mod 2 we have 

= w A)0 (2^ 2 + £77) + w A ,i(2£ + 77). 

It follows that 

4.15. In the setup of 4.5(VII) we set n = n A = n A l5 £ = £ n , 77 = ?7 n . We have 
H§= |Irr z/2xZ/2 (iMX A ) x $» /2 x 

aEZ/2 

Hk> = |Irr z/2 (il (X A ) x $° /2 x & n/2 )\ + |Irr z/2 (il 1 (X A ) x ^ /2 )|, 

where the actions of Z/2 x Z/2, Z/2 are as below. (For a Z/2 x Z/2-action on a 
set © we denote by Zi the number of elements in 6 whose stabilizer in Z/2 x Z/2 
has cardinal i.) The Z/2 x Z/2 action on iio(X A ) x $° /2 x $° /2 is such that 
some element / acts as (A, £?, C) 1— > (p(A),C, £?) and some element /' acts as 
(A,B,C) h-> (Az/(B),z/(C)). An element (A B, C) is fixed by / if A = p(A),B = 
C; it is fixed by f if B = v(B),C = z/(C) ; it is fixed by //' if A = p(A) ,B = v(C). 
We see that 

Z4 = ro A £, z 2 = ro A (-£ + 477) + ro A ,o£ 2 , ^i = 4ro A)0 (?7 2 +^77) - 4ro A 7/. 
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We have 

|Irr z /2xZ/ 2 (ilo(X A )x< /2 x< /2 )| 

= 4z 4 + z 2 + (l/4)zi = 3ro A (£ + 77) + w A ,o(^ + V 2 + 

The same computation shows that 

|Irr z/ 2xZ/2(iio(^ A ) x $i /2 x $* /2 )| = 3w A £ + ^A,o£ 2 . 

(We put formally rj = in the previous computation.) The Z/2 x Z/2-action 
on ili(X A ) x $°^ 2 is such that / acts as (A, B) h-> and /' acts as 

(A, S) ^ (A, z/(B)). An element (A, B) is fixed by / if A = p(A); it is fixed by /' 
if B = u(B); it is fixed by //' if A = p(A), B = u(C); it is fixed by Z/2 x Z/2 if 
A = p(A),B = u(C). We see that 

Z4 = CC7aC) z 2 = ^a(— £ + 277) + &7A,l£, Z\ = —2waV + ^ w A,lV- 

Hence 

|Irr z /2xZ/2(ili(^ A )x$0 /2 )| 

= 4z 4 + z 2 + (l/4)z! = (3/2)ro A (2£ + 77) + (l/2)ro A)1 (2£ + rj). 
We see that 

^ = 3w A (£ + 7/) + w A ,o(£ 2 + ?? 2 + e^) 

+ 3ro A £ + w A ,o£ 2 + 3ro A (2£ + 77) + ro A ,i(2£ + 7/) 

= 6ro A (2£ + 77) + ro A ,o(2x 2 + r/ 2 + £r/) + ro A) i(2£ + rj). 

The Z/2 action on iio(X A ) x $° /2 x $* /2 is by (A, B, C) i-> (A, z/(C)). As 

in 4.14 we have 

|Irr z/2 (ilo(X A ) x $° /2 x ^ /2 )| = roA ,o(2£ 2 + £r/). 
The Z/2 action on iii(X A ) x $^ /2 is trivial. Hence 

|Irr z/2 (il 1 (X A )x$i /2 )|=2 roA ,ie 

We see that 

Hh = WA,o(2£ 2 + £r/) + 2w A ,i£- 

It follows that 

Hy = 6g7a(2£ + r]) + wa,oV 2 + ^A,lV- 
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4.16. For any A G 7 2l we set zb a,o = ^A,oVn^Vn A 1 - For any A G 71 21 we set 
zu a,i = WA,i?7 n A. For any A G 2l Ar we set ma = 1 if ^A = A and ua = 2 if 
^A ^ A. For any A G % N we set 

= *7 A (2£ nf + (1/2)(1 + (-1)"' )»7„a) if A = ^A = 7 A, 
zb a = 0, otherwise. 
(Recall that J is as in 1.1.) 

Let <? = (A, A') G m N . We have 

^ = (-1)^(9-D/2 6 ^ A + UA (-lf 3A ZUA,e'. 

e'£Z/2;VA=A 

This is verified by considering the various cases in 4.10-4.15; we also make use of 
1.4(h) and the equality N/2 = nf G Z/2 from the proof of 1.4(h). 

4.17. Let e G Z/2. We set 

(a) a e N = ^2?nc 

c 

where C runs over the set of all semisimple PS'O^-conjugacy classes in PSOq e 
and mc is as in 4.9. We set 

0,7V = Q-at — o]v- 

From the definitions we have = Yl<ve-m N Hv- From this and 4.16 we see that 

(b) ®nX n = a + oi + 65 

n£2N 

where do = 8, 

0e'= £ (-l) e '^ro A ,e^ mA , 

9 = ^ (-l) n t(9-l)/2^ A X"»A 

Ae»;' 3 A=A=^A 

and mA = n for A G 2T\ 

4.18. For e G Z/2 let y e = J^jezd- 1 )^ 4 )^ ■ B J Jacobi's identity we have 

(a) y_! = vl>(X 4 )- 2 vl>(X 8 ), y x = ^(-X 4 )-^(X 8 ). 
as in 3.16.) By [LI, 3.4.2)] we have 

(b) £n> (£n + Vn)X^ = (1/4) * (X 4 ) 2 ( yi + 3y_i), 

(c) E„>o^X 2 - = vl>(X 4 )Vi. 
It follows that 

(d) E n >o(2Cn + (1/2)^)X 2 - = (l/2)vI>(X 4 ) V 
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4.19. We set 

?' = Yl un '( 2 ^ + ( 1 /2)(1 + (-l) n 'K)7r(n')X 2n+2n '. 

n£2N,n'eN 

We have 

= £ u"V(n')X 2 ™' £ (2£ n + (l/2)r7 n )X 2 - 

n'eN n£2N 

+ (1/2) £ (-u) n V(n')X 2 »' £ Vn X 2n 

n'eN ne2N 

= V1>(UX 2 ) J2^n + (l/2) V n)X 2n + (1/2)V(-UX 2 ) VnX 2n . 

n n 

Using now 4. 18(d), (c), (a) we obtain 

5' = (l/2)*(uX 2 )*(X 4 ) V + (l/2)^(-uX 2 )^(X 4 ) 2 2/ _ 1 
= (l/2)^(uX 2 )^(X 4 ) 2 ^(-X 4 )- 2 ^(X 8 ) + (l/2)^(-uX 2 )^(X 8 ). 

4.20. We compute the sum d in 4.17. We have 

9= (-l) n ^ q - 1)/2 J] it{n%)X\°\ n o 

Aea ; ' 3 A=A=^A oef!a,/3, 7 

x(2e nf + (l/2)(l + (-ir) V )J 2 < =0' n (^Tr(n)xl^) 

=d' n ji(i-xi°i fc )- i =5' n n (i-x^- 1 . 

0efi a ,ft 7 ;0/Jfe>l fc>l 06f2 a ,,3, 7 ;0/J 

The product over O can be evaluated using 1.6(a). We obtain 

t> = D' J]{(1 - qX Ak )-\l - X 4k ) 2 } = tf g (X 4 )tf (X 4 )~V. 
k>i 

Introducing here the formula for D' at the end of 4.19, we obtain 

d = ($ ? (J 4 )*(uX 2 )*(-l 4 )- 2 $(X 8 ) + tf 9 (X 4 )^(-uX 2 )^(X 4 )- 2 ^(X 8 ))/2. 

Here we substitute ^(-uX 2 )^(X 4 )- 2 ^(X 8 ) = ^(ul 2 )- 1 * (I 4 ) which follows 
from 3.16(f) with X replaced by uX 2 . We obtain 

(a) d= (l/2)^ q (X 4 )^(uX 2 )^(-X 4 )- 2 ^(X 8 ) + (l/2)^ q (X 4 )^(uX 2 )- 1 ^(X 4 ). 
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4.21. We have 



Thus 



ao= II (E 7r ( n )(- 1 ) i(0)njrl0| ")(E 7r ( n / 4 ) jrn ) 2 ' 

06n a>7l n6N n£N 

a = n n( i -((- i ) j(o)fcx ' oifc )" i ^( x4 ) 2 

oen Q , 7 fc>i 

= n n n n (i-* 101 *)- 1 *^*^ 

fc>l;fc odd 0€fi a>7 fe>l;fe even Oen a , 7 

ai = n ri( i - ((-i) ii(o)fc ^ io|fc ) _i *(^ 8 ) 

oefi a , T1 fc>i 

= n n a - (-i) ii(o) ^ io|fc ) _i n n (i-* 101 *) -1 *^ 8 )- 

k>l;k odd £>€f2 a ,7 1 fe>l;fc even 0€f2 a>T1 

In the last formulas for oo, Oi we replace the products over O by the expressions 
provided by 1.4(e), (f) and 1.3 (with X replaced by X k ). We obtain 

d = Yl (l~X 2k ) Yl {(l-qX 2k )- 1 (l-X 2k ) 2 }*(X 4 ) 2 

k>l;k odd k>l;k even 

= ^(X 2 )- 1 *^ 4 )^^ 4 ), 



ai= n (!-^ 2fc ) n {(i-^ 2fc ) _i (i-^ 4fc )}*(^ 8 ) 

k>l;k odd fc>l;fe even 

= tfpr 2 )- 1 ^ 4 )*^ 4 ). 

Thus we have 



a = a 1 =vl/(X 2 )- 1 *(X 4 )vl/ 9 (X 4 ). 
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Combining this with 4.17(b), 4.20(a) we see that 

a n X n = 3^ q (X 4 )^(uX 2 )^(-X 4 )- 2 ^(X 8 ) 

n£2N 

+ 3^ g (X 4 )^(uX 2 )" 1 ^(X 4 ) + 2* g (X 4 )*(X 2 )" 1 ^(X 4 ). 
Since this equality has the same right hand side as 3.17(c), we deduce: 

£ a n X n = £ a n X n . 

n£2N n€2N 

It follows that djv = a at that is, 

(a) a% - ajv = \Tsx(SOq)\ - \Itt(SOq)\. 

5. Classification of irreducible representations 

5.1. Let G be a connected reductive group defined over F q with Frobenius map 
F : G — > G. Let G* be a connected reductive group defined over F g , dual to 
G 7 as in [DL]. We denote again by F : G* — > G* the corresponding Frobenius 
map. For any F-stable maximal torus T of G* and any s G T F let Rj,(s) be 
the virtual representation of G F attached in [DL] to an F-stable maximal torus 
of G corresponding to T and to a character of the group of its rational points 
corresponding to s. 

Let s(G* F ) be the set of semisimple G r * F -conjugacy classes in G* F . For C € 
s(G* F ) let Irr (G F ) be the set of all r e Irr(G F ) which appear with nonzero 
multipicity in R^(s) for some s £ C and some F-stable maximal torus T of G* 
such that s G T. We have a partition 

(a) Irr(G F )=U Ces(G * F) Irr c (G F ), 

see [DL], [LI]. In particular, Irr 1 (6 7F ) =ili?(6 7 ) (notation of 4.6). 

For a semisimple element s G G*F let Z(s) be the centralizer of s in G* . Assume 
that C G s(G* F ). Now G* F acts in an obvious way on U s6 c.Uf(Z(s) ) inducing 
the conjugation action on C. Let ilc = Irr G _F (U se cil^(Z'(s) )) (see 4.6). Note that 
for any s G C there is an obvious restriction isomorphism il^ ^ il_p(Z(s)). 

Let ec be 1 if the F 9 -rank of G is even and eo = —1, otherwise. We can state 
the following result. 

Theorem 5.2. Let C be a semisimple G* F -conjugacy class in G* F . There exists 
a bijection 



(a) 



Irr c (C7 F ) ^Hc 
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such that the following holds. Let s G C and let p G Ittc(G ), p G lie = 

F 

Hf{Z(s)) correspond to each other under (a). Then p' determines a Z(s) -orbit 
{pi, p'21 ■ ■ ■ , p' k } in Hp (Z (s)°) . LetT be a maximal torus of Z(s)° which is F-stable. 
Then the multiplicity of p in Rj,(s) is eoez( s )° times the sum over i G [1, k] of the 

multiplicities of p\ in R^S S ^ (1). 

In [L3] it is shown that the theorem holds when G has connected centre. In 
[L5] it is shown that the theorem holds without assumption on the centre of G if 
we assume that a certain multiplicity one statement holds for SOq with N G 4N. 
(The reason that SOq is especially difficult is that it is the only almost simple 
group whose center is noncyclic.) In this section we show how to prove the required 
multiplicity one statement. 

5.3. In the remainder of this section^we assume that iV G 4 + 4N. Recall that 

—1} is equal to the centre of SOq; it is isomorphic to Z/2 x Z/2. Let T 
be the product of two copies of k* indexed by the elements of 1). There is 

a unique homomorphism g 1— > t g , k _1 {1, —1} — > T such that for uj G 1) the 

component of in the copy of k* indexed by u> (resp. — u) has order 2 (resp. is 
1). This identifies -1} with the subgroup {t G T;t 2 = 1}. Let G be the 

quotient of SOq xTby imbedded diagonally in SOq x T. We identify 

SOq,T with closed subgroups of G via the obvious homomorphisms SOq — * G, 

T G. Note that SOq is the derived subgroup of G and T is the center of G; 
moreover, G/T = PSOq. 

By 2.8(a) with y = -1, for e G Z/2 and u G k'^-I) we have F e (u) = {-l) e 0J. 
We define F e : T — > T as 1 if e = and as (x, x') 1— > (x' q , x q ) if e = 1. Then the 
imbedding —1} C T is compatible with the actions of F e . Hence there is 

a unique F g -rational structure on G such that the corresponding Frobenius map 

G — > G maps gt to F e (g)F e (t) for any g G SOq and any t G T; this Frobenius 
map is denoted again by F e . 

Let C = G/SOq so that C Fe = G Fs /SO Q \ We show that C Fl is a cyclic 
group. We can identify C = k* x k* so that F\ \ C — > C becomes (x, x') 1— > 
(x /q ,x q ). Then C Fl = F* 2 so that C Fl is indeed cyclic. Hence any irreducible 

- — Fi 

representation of G Fl is multiplicity free when restricted to SOq (see [L5, 9(b)]). 

Fx 

By the arguments in [L5, 11] we see that Theorem 5.2 holds for SOq . It follows 

Fx 

that \lrr(SOQ )| = d]^ where is as in 4.17(a). Using this and 4.21 we deduce: 
(a) \Ivv(SO F Q)\ = d° N . 

5.4. Let G be as in 5.3. In the remainder of this section we take F = Fq. We 
have naturally PSOq = G* /T' (as groups defined over F q ) where T is the centre 
of G* (a two-dimensional torus). Moreover, the derived subgroup of G* is SOq. 
Lt 7r : G* — > PSOq be the canonical map. 
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Since G* has connected centre, Theorem 5.2 holds for G F . In particular, for 
any C E s(G* F ) there exists a bijection 

(a) Irr c (G F ) ^ il c 

with the following property: if s E C, p E Irrc(G F ), p' E itc = Hf{Z(s)) corre- 
spond to each other under (a) and T is a maximal torus of Z(s) which is -F-stable, 

then the multiplicity of p in Rj,(s) is €g^z(s) times the multiplicity of p' in R Z T {S \\). 
Note that in our case the property above determines the bijection (a) uniquely. 

If t E T' F and C E s(G* F ) then tC E s(G* F ) and multiplication by t induces an 
isomorphism He — * ^tc (this comes from an isomorphism ilp(Z(s)) — > ilp(Z(ts)) 
induced by t : Z(s) Z(ts) for any s E C). Thus we obtain an action of T' F on 
the set ^c£s{G* F )^Ci hence via (a) and 5.1(a), an action of T' F on the set Irr(G F ). 
We have T' F = Cq where Cq = Hom(C F , Q*). Thus we obtain an action of the 
abelian group Cq on Irr(G F ). From the definitions we see that this coincides with 
the action of Cq given by tensoring by a one dimensional representation. 

We show that the stabilizer in Cq = T' F of any r E Irr(G F ) has order dividing 
4. This stabilizer is contained in 7^ := {t E T' F ; tC = C} for some C E s(G* F ). If 
t eTq then for s E C we have ts = gsg~ x for some g E G* F ; in particular t is in 
the derived subgroup of G* hence it is in the centre of SOq so that \Tq\ divides 4. 

For any i let Zi be the number of r E Irr(G F ) whose stabilizer in Cq = T' F 
has order i. Let j : s(G* F ) — * s(PSOq) be the map induced by it. For any 
C E s(PSOq), the subset U C€j --i( C /)lic of ^ces(G* F )^c is stable under the Tr- 
action; we denote by z^c the number of elements in \-lcej- 1 (C)Uc whose stabilizer 
in T' F has order i. Note that 

(b) Zi= ^ Zifi'- 

ces(PSO F ) 

For C E s(PSO%) we choose C E j' 1 ^'), s E C and we let s' = n(s) E C . Since 
T' F acts transitively on j _1 (C / ) and the isotropy group of C is T /F , we have 

(c) z i ,c = \r ,F \m- 1 z i fi 

where Zi : c is the number of elements in iic whose stabilizer in T£ has order i. 

F ~ 

We have an isomorphism Z(s') — >■ Tq (where Z(s') is the centralizer of s' in 
PSOq) induced by the homomorphism g i— > t, Z(s') F — > T' F where t = gsg~ l s~ 1 ] 
here g E G* F is such that n(g) = g.) We can also view z,i£ as the number of 

elements in iip(Z(s)) = Hf(Z(s')°) whose stabilizer in the natural Z(s') action 
on ii F (Z(s')°) has cardinal i. Hence, according to 4.6(a) we have 

\W) F \~ l Y. e ~ z ^ = \lTT^r f (!d F (Z( S ') ))\. 
i>i 
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Using this and (c) we deduce 

(d) l^rE^c = |lrr^(/^(Z( a O ))|. 

i>i 

We now sum the sum the identities (d) over all C G s(PSOq). By (b), the sum 
of the left hand sides becomes |T /F | _1 ^>i i 2 Zi- The sum of the right hand sides 
becomes a° N (see 4.17(a)). Since \T' F \ = \Cq \ = \C F \, we obtain 

\C F \ 1 ^ ] i 2 5i = d^v 

i>l 

and using 5.3(a): 

(e) \c F \- 1 J2^^ = \Msd F Q )l 

i>l 

. f 

Applying [L5, 9(c)] to B = G F , A = SO Q we obtain 

\C F \-\z hQ + 4(5 2 , + y) + 16(5 4 ,o - y)) = \Itt(SOq)\ 

F 

where y is the number of representations in Irr(G ) whose restriction to SOq is 
not multiplicity free. Substracting this from (e) we obtain -12\C F \~ 1 y = that 
is, y = 0. In other words, 

(f) any irreducible representation of G F is multiplicity free when restricted to 

. f 

SOq. 

Now the proof of Theorem 5.2 for a general G can be carried out as in [L5] using 
the multiplicity one statement (f). 
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